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1. [30 pts] Probability:

(a) [15 pts] Prove the Bienayme inequality, which is a generalization of the Tchebycheff
inequality,

Pr{|X − a| ≥ ε} ≤ E{|X − a|n}
εn

for arbitrary a and distribution of X.

(b) [15 pts] Consider the uniform distribution over [−1, 1].

i. [10 pts] Determine the moment generating function for this distribution.
ii. [5 pts] Use the moment generating function to generate a simple expression for

the k
′th moment, mk.

Answer:

(a)

E{|x− a|n} =
∫ ∞
−∞
|x− a|nfx(x)dx ≥

∫
x−a|≥ε

|x− a|nfx(x)dx ≥
∫
x−a|≥ε

εnfx(x)dx

=εnPr{|x− a| ≥ ε} ⇒ Pr{|X − a| ≥ ε} ≤ E{|X − a|n}
εn

(b)

Φ(s) =
1
2

∫ 1

−1
esxdx =

{
1
2s(e

s − e−s) s 6= 0
1 s = 0

⇒ E{xk} =
dkΦ(s)
dks

∣∣∣∣
s=0

E{x} =
dΦ(s)
ds

∣∣∣∣
s=0

=
1
2s

(es + e−s)− 1
2s2

(es − e−s)
∣∣∣∣
s=0

=
1
2

(es − e−s)− 1
4

(es − e−s)
∣∣∣∣
s=0

= 0

Repeat the differentiation, limit (l’Hpital’s rule) process. The analytical solution is
simpler:

E{xk} =
1
2

∫ 1

−1
xkdx =

1− (−1)k+1

2(k + 1)
=
{

0 k = 1, 3, 5, . . .
1

k+1 k = 0, 2, 4, . . .

1
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2. [35 pts] Let v[n] be white noise with variance σ2
v = 1 and set

x[n] = v[n] +
1
2
v[n− 1].

(a) [10 pts] Determine the mean and correlation expressions for the output.

(b) [25 pts] Suppose x[n] is passed through a transmission channel with the received
signal modeled as

y[n] = x[n] + η[n]

where η[n] is white noise, independent of v[n], with variance σ2
η = 2. Define the two

element observation vector y[n] = [y[n], y[n− 1]]T .

i. [15 pts] Determine the matched filter that best recovers x[n], i.e., the weight
vector w = [w1, w2]T that maximizes the SNR of the output x̂[n] = wTy[n].

ii. [10 pts] Determine the resulting SNR when the optimal w is employed.

Answer:

(a) E{x[n]} = E{v[n]}+ 1
2E{v[n− 1]} = 0 and

rx[k] =E{x[n]x[n− k]} = E

{(
v[n] +

1
2
v[n− 1]

)(
v[n− k] +

1
2
v[n− k − 1]

)}
=δ[k] +

1
2
δ[k − 1] +

1
2
δ[k + 1] +

1
4
δ[k] =

5
4
δ[k] +

1
2
δ[k − 1] +

1
2
δ[k + 1]

(b) For N = 2

Rx =
[

5
4

1
2

1
2

5
4

]
=

1
4

[
5 2
2 5

]
∣∣∣∣[ 5− λ′ 2

2 5− λ′
]∣∣∣∣ = (5−λ′)2−4 = λ′2−10λ′+21 = (λ′−3)(λ′−7) = 0⇒ λ′ = 3, 7

Thus λ = λ′

4 = 3
4 ,

7
4 and qmax is found from (Rx − λmaxI)qmax = 0, or[

−1
2

1
2

1
2 −1

2

]
qmax = 0⇒

[
−1 1
1 −1

]
qmax = 0⇒ qmax =

1√
2

[1, 1]T

and w = qmax = 1√
2
[1, 1]T . The resulting SNR is λmax

σ2
η

= 7
8 .
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3. [35 pts] Let Z = X+N , where X and N are independent with distributions N ∼ N (0, σ2
N )

and fX(x) = 1
2δ(x− 2) + 1

2δ(x+ 2).

(a) [15 pts] Determine the MAP, MS, MAE, and ML estimates for X in terms of Z.

(b) [10 pts] Determine the bias of each estimate, i.e., determine whether or not each
estimate is biased.

(c) [10 pts] Determine the variances of the estimates.

Answer:

(a) Since X and N are independent, fZ(z) = fX(z)∗fN (z) = 1
2N (−2, σ2

N )+ 1
2N (2, σ2

N ).
Also

fZ|X(z|x) =N (x, σ2
N )

x̂ML = arg max
x

fZ|X(z|x) = z

fX|Z(x|z) =
fZ|X(z|x)fX(x)

fZ(z)
=
N (x, σ2

N )(δ(x− 2) + δ(x+ 2))
2fZ(z)

x̂MAP = arg max
x

fX|Z(x|z) =
{

2 z > 0
−2 z < 0

x̂MS =
∫ ∞
−∞

xfX|Z(x|z)dx =
1

fZ(z)

∫ ∞
−∞

xfZ|X(z|x)fX(x)dx

=

(
2N (2, σ2

N )|x=z − 2N (−2, σ2
N )|x=z

)
2fZ(z)

=2
N (2, σ2

N )|x=z −N (−2, σ2
N )|x=z

N (2, σ2
N )|x=z +N (−2, σ2

N )|x=z
1
2

=
∫ x̂MAE

−∞
fX|Z(x|z)dx =

1
fZ(z)

∫ x̂MAE

−∞
fZ|X(z|x)fX(x)dx

⇒
∫ x̂MAE

−∞
fZ|X(z|x)fX(x)dx =

1
4
(
N (2, σ2

N )|x=z +N (−2, σ2
N )|x=z

)
⇒
∫ x̂MAE

−∞
N (x, σ2

N )(δ(x− 2)+δ(x+ 2))dx =
1
2
(
N (2, σ2

N )|x=z +N (−2, σ2
N )|x=z

)

Note the LHS is not continuous ⇒ x̂MAE not well defined.

(b) Note fZ(z) is symmetric about 0 ⇒ E{x̂ML} = E{z} = 0 ⇒ x̂ML is unbiased
(E{x} = 0). Similarly, E{x̂MAP } = 2Pr{z > 0} − 2Pr{z < 0} = 0 ⇒ x̂MAP is
unbiased. Also, x̂MS is an odd function (about 0) of z ⇒ E{x̂MS} = 0 ⇒ x̂MS is
unbiased.

(c) σ2
ML = σ2

Z = σ2
X + σ2

N = 4 + σ2
N . Also, σ2

MAP = 4 (since x̂MAP = ±2). Determining
σ2
MS is not trivial, and will not be considered.
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