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1. [30 pts] Probability:

(a) [15 pts] Prove the Bienayme inequality, which is a generalization of the Tchebycheff

inequality,
Pr{|X —a| > ¢} < E“XEZ“W}
for arbitrary a and distribution of X.
(b) [15 pts] Consider the uniform distribution over [—1,1].

i. [10 pts] Determine the moment generating function for this distribution.

ii. [5 pts] Use the moment generating function to generate a simple expression for
the k' moment, my,.

Answer:

(a)

Bllo—a) = [ o-d'fdez [ pedn@z [ o

—al>e z—al>e
= Prifr—al > ¢} = Pr{iX —a| > < 2520
(v)
D(s) :% /11 e*rdr = { ?(es —e) ii
E{z} = dq:lf) - 2718@8 bty - 2%2(63 e B
Leme-te e -0

Repeat the differentiation, limit (I’'Hpital’s rule) process. The analytical solution is
simpler:

1/t 1— (=1)k+t 0 k=13,5,...
E{z"} == kge - - _\TH) ; 3,5,
{27 2/_1:”1:5 20k + 1) {kil k=0,2.4,...
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2. [35 pts] Let v[n] be white noise with variance o2 = 1 and set

x[n] = v[n] + %U[n —1].

(a) [10 pts] Determine the mean and correlation expressions for the output.

(b) [25 pts] Suppose z[n| is passed through a transmission channel with the received
signal modeled as

yln] = x[n] + nln]

where n[n] is white noise, independent, of v[n], with variance o7 = 2. Define the two
element observation vector y[n] = [y[n], y[n — 1]]7.

i. [15 pts] Determine the matched filter that best recovers x[n], i.e., the weight
vector w = [w1, wz]” that maximizes the SNR of the output #[n] = w’y[n].

ii. [10 pts] Determine the resulting SNR when the optimal w is employed.

Answer:

(a) E{z[n]} = E{v[n]} + 1E{v[n — 1]} = 0 and

rolk] =E{z[n]z[n — k|} = E { (v[n] + %v[n - 1]) <v[n .y %v[n - 1]) }

k] 4+ %m 1+ %m 1)+ ié[k] _ Za[k] + %wf 1+ %5% +1)
(b) For N =2
5 1 1[5 2
SR

_ /
H 5N 2 H = (5=N)2—4 = N2 10N 421 = (W —3)(N=7) =0 = X =3,7
Thus \ = /\Zl = %, % and Qmax 18 found from (R; — ApaxI)Qmax = 0, or
11
-1 1 1 1 1
I: % _% :| Qmax 0 = |: 1 _1 :| Qmax 0 = Qmax \/i[ljl]

and W = dmax = 5[1, 1] The resulting SNR is mgs — T,
n
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3. [35 pts] Let Z = X+ N, where X and N are independent with distributions N ~ A(0, 0%)
and fy(z) = 16(x — 2) + 26(z + 2).
(a) [15 pts] Determine the MAP, MS, MAE, and ML estimates for X in terms of Z.

(b) [10 pts] Determine the bias of each estimate, i.e., determine whether or not each
estimate is biased.

(c) [10 pts] Determine the variances of the estimates.
Answer:

(a) Since X and N are independent, fz(z) = fx(z)* fn(z) = 2N(=2,0%) + 3N (2,0%).
Also

fz1x(2|lz) =N (2, 0%)
TML = argmax fz1x(2]z) = 2
fzix Glo)fx (@)~ N(z,0%)(6(x —2) +0(z + 2))

fz(2) B 2fz(z)

z =argmax fxz(x|z) = 2 2>0
MAp =algmax x|z =) 22 <0

fx|z(z]2) =

Tys /_OO zfx|z(x|z)dz = le( ] /00 zfz7)x(2]z) fx (z)dz
(

_(2N(23012V)|x=z*2-/\/’ -2, o3 )|x z)
a 2fz(z)

N(2 0']2V)|:c z ( 7U]2V)‘x z
N2, 03) =z + N (=2, 03)|2=2

% :/ZME fx)z(x|z)dx le(z) /Z‘jAE fz1x (2|2) fx (@)d

j/MAE Farx Gl fc(@)de = (N2, 03)lams + N (=2, 03 le—)

=2

- / M N 035z — 245z + 2))di = % (N (2,03 lo=z + N (=2, 07)[a=2)

Note the LHS is not continuous = Z s ar not well defined.

(b) Note fz(z) is symmetric about 0 = E{Zyr} = E{z} = 0 = &1 is unbiased
(E{z} = 0). Similarly, E{Zyrap} = 2Pr{z > 0} —2Pr{z < 0} = 0 = Zpap is
unbiased. Also, Zjss is an odd function (about 0) of z = E{Zys} = 0 = Zpg is
unbiased.

(c) O‘%/IL = 0‘% = J§< + 012\, =4+ 012\,. Also, 012\4AP = 4 (since Zpr4p = £2). Determining
0%4 g is not trivial, and will not be considered.



