ELEG-636 Test #1, April 14, 2003 NAME:

1. (30 pts) Probability questions:

e (15 pts) Letx be a random variables with densify(z) given below. Lety = g(x) be
the shown function. Determing (y) andF,(y).

e (15 pts) Letr andy be independent, zero mean, unit variance Gaussian random variables.
Define

w=2*+y> and z=2"
Determinef,, .(w, z). Are w andz independent?

Answer: Note that

1 1
v 450 —05) 0<x <2
fa(@) = { 0 otherwise
Thus
0 z <0
Fp(z) =4 22+ 3u(z—05) 0<2<2
1 2<ux

Sincezr = \/yfor0 >y > 1,

0 y <0

Fy(y) = Fz(\/g) 0<y<l1
0 y <0

ly+iu(yy—05) 0<y<1
1 1<y
0 y <0

= { ty+lu(y—-025) 0<y<l1
1 1<y

Taking the derivitive yields

£y = §T30(y—025)+3d(y—1) 0<y<1
Y 0 otherwise
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Tha Jabobian of the transformation is

d(z?+y?)  d(z®+y?)

2¢ 2y
e =| i |=| o |
dx dy

The reverse transformation is easily seen tabe +./> andy = +Vw — 22 = +y/w — 2,
w > z. Thus,

fay(T,y) fey(2,y)
fus(w, 2) dlzy| | T =7 - dlzy] | T=Vz
y=vuw-z y=—vo—=:
N fey(,9) N fuy(7,9)
dzy| [T =V Ayl | =z
y=vuw—z y=—vo—=:
1)
Sincex andy are independent,
1 —(m2')+y2)

fx,y(xa ?J) = %e

Thus
Fuelw, 2) = —— e
WA o 2w — 2

where the last three terms indicatez > 0 andw > z.

2 (w)u(z)u(w — 2)
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2. (30 pts) Random processes: Consider the ARMA(1,1) process defined by:
z[n] = —ayz[n — 1] + bovin| + byv[n — 1]
wherev|[n] is zero mean white Gaussian process with variarice
¢ (10 pts) Determine the mean of the process.

e (20 pts) Prove that the autocorrelation is given by

(b%er%Izzl‘;Obl)U% k=0

rlk] = (a%bobl—alblg:%lb%bobl)a% E=1

(—ay)*tr[1] k>2

Answer: Consider first the mean:
Elz[n]] = FE[—aixz[n — 1]+ byv[n] + byv[n — 1]
pe = —aipz +0+0
=0
Now evaluate-[0],
rl0] = FElz[n](—ai1z[n — 1] 4+ byv[n] + byv[n — 1])]

= —aq Flz[n]z[n — 1]] + by Ez[n]v[n]] + by E[x[n]v[n — 1]]
Evaluate the last two terms separately:

Elz[n]v[n]] = FE[(—aixz[n — 1] + byv[n] + byv[n — 1])v[n]]
= 0+ byo> + 0= byo?

and

Elz[n]vin —1]] = E[(—az[n — 1] + byv|n] + byvin — 1])v[n — 1]]
= —a1Elz[n —1v[n —1]] + 0+ byo?

2 2
= —alb[)O'v + blO',U

where the last line uses the fact thgjtz[n — 1|v[n — 1]] = E[z[n]v[n]]. Substituting these
terms in the expression fef0],

r[0] = —ay7[1] + boo2 — arbyo? + byo?
Now evaluate[1],
rl1] = Elz[n —1)(—az[n — 1] + bov[n] + byv[n — 1])]
= —aq Flz[n — 1]z[n — 1]] + b E[z[n — 1|v[n]] + by Elz[n — 1]v[n — 1]]

3
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Note thatE[z[n — 1|v[n]] = 0 and

E[z[n — 1Jv[n — 1]] = E[z[n]v[n]] = byo?
Thus we have

rl0] = —air[1] + boo — arboo + bio,

r[l] = —ar[0] + boag + boblag

Solving forr[0] andr[1] gives the desired result fér= 0, 1. Note fork > 2,

rlk] = Elz[n — k|(—arz[n — 1] + bov[n] + byv[n — 1])]
= —a Elz[n —klz[n — 1]] + boE[z[n — k|v[n]] + b E[x[n — klv[n — 1]]
= —ark—1+04+0
= (—a)*"r[1]

which completes the proof.
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3. (40 pts) Estimation:

e (20 pts) Letz anda be random variables. The conditional probability density function
for 2 and the probability density function farare given by

o 1 1<a<3
faoja(zla) = ae™u(z) and f,(a) :{ 5 otﬁervﬁse .

Assuming you observe, determine the ML and MAP estimates @f Explain any
similarities or differences in the estimates.

e (20 pts) Letr andy be random variables with joint density

)8y 0<2r<1,0<y<ux
foy(®,y) —{ 0  otherwise

Given that you observe, determine the Bayes estimateofor the squared, absolute,
and uniform error cases.

Answer: The ML estimate maximizgs,(z|a) = ae” “*u(x). Differentiating and equating
to O,
_dMLxe—@MLw + e~aMLT _

orayg = % In the MAP case, we must maximize

faz(alz) = W
_ ae*amu(ﬂf) (u(a — 1) _ U(a . 3))
fu(x)

Note that we need only need maximize the numerator, which is identical to the ML estimate
fortl <a<3.If % is outside this range, we must check the boundary conditions, which gives

dMA{

Note that in the range [1,3] the ML and MAP estimates are identical a& piieri distribution
of a yields no information (flat). Outside that range this information does provide a benefit.
For the second part, integrating to get the marginals gives

<1
<3

0<
1<
3 <

8|8 -8 |~

8= =

fo(x) = / Srydy = 4yt = 42°,0< < 1
0

_Jwl®y) ] Osysw
Fye(ylar) = folz) { 0 otherwise
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Maximizing this givegjy ap = z. In the SE casejsg = Ely|z] = [§ 21%2 = %I Also,

0 y<0
2
Fya(ylz)=q % 0<y<u
1 z<y

For the AE estimatel,(Jar|r) = 1/2, 0r jap = %



