ELEG-636 Test #1, April 5, 2001 NAME:

1. (35 pts) Probability questions:

2

e (10 pts) Let = be a random variable and set y = x“. Derive a simplified expression for

fyle > 0).

e (15 pts) Suppose now that y = asin(z + ), where 6 and a > 0 are constants. Determine

e (10 pts) Suppose further that « is uniformly distributed over [—m,w]. Determine f,(y)
for this special case.

Answer: Clearly, F(y|z > 0) =0 for y < 0. Then for y > 0,

_PT(YSanZO)_Fm(\/y)_Fm(O)
F(ylr >0) = PrX>0)0  ~  1-F0) Uly).

Thus

Sl > 0) = 5= )

Now for y = g(x) = asin(z + 0) we have, assuming |y| < a, infinitely many solutions

xn = arcsin(y/a) — 0

n=0,£1,4+2,.... Also,
g () = acos(x, + 0)

Note that ¢%(zy,) + ¢"%(z) = a® cos?(zy, + 0) + a?sin(x,, + 0) = a®. Or,

g (2n) = \Ja — g2(xn) = \/a? — 2.

Thus

B = X 50 = s S k), bl <o

If £ ~ U(—m, ) then there is only a single solution, and

L) = — <
_= , _a
v\ 2my/a? — y? Y
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2. (35 pts) Suppose a real sequence is generated according to the model

z(n) = woz?(n — 1) + wiz(n — 1) + wez(n — Da(n — 2) + wsz(n — 2) + wsz?(n — 2) 4+ v(n)

where v(n) is a white noise process with variance o2.

e (30 pts) Determine a set of Yule-Walker type equations for determining wyg, w1, wo, w3, wy
and o2

e (5 pts) Based on this result, what statistics are needed to characterize signals generated
by the general model

Zw, x(n —i +ZZwmx n—1i)z(n—j)+ov(n)

i=1j=1
Answer: Let r(k) = E[z(n)z(n — k)] and r(k,l) = E[z(n)x(n — k)z(n —1)]. Assume first k£ < 0,

Elz(n)z(n — k)] = woE[z*(n— Da(n — k)] +w Elz(n —1)z(n — k)] +
waFlx(n — 1)z(n —2)z(n — k)] + wsE[z(n — 2)z(n — k)]
+wy E[z?(n — 2)x(n — k)] + Elz(n — k)v(n)]
r(k) = wor(0,k—1)+wir(k—1) +wor(l,k — 1) + wsr(k —2) + wyr(0,k — 2)

Or letting k£ = 1,2,3,4,5 and writing the results in matrix form

r(0,0) »(0) r(1,0) =(1) »(0,1) wo r(1)
r(0,1) (1) r(1,1) =(0) ~(0,0) w1 r(2)
r(0,2) r(2) r(1,2) r(1) »r(0,1) wy | = | r(3)
r(0,3) r(3) r(1,3) r(2) r(0,2) w3 r(4)
r(0,4) r(4) r(1,4) r(3) r(0,3) wy r(5)
Letting k£ = 0,
r(0) = wor(0,1) + wir(l) +war(l,1) + wsr(2) + war(0,2) + E[z(n)v(n)]
= wor(0,1) + wyr(1) + wor(1,1) + w3r(2) + war(0,2) +
woE[2*(n — 1)v(n)] + w1 Elz(n — 1)o(n)] +
w3 Ef(n — 1)(n — 2)o(n)] + ws Blz(n — 2)v(n)]
FuwiElz (0 — 2)o(n)] + Blo(n)o(n)]
= wor(0,1) + wir(1l) + wer(1,1) + wzr(2) + war(0,2) + o
Or,

02 = 7(0) —wer(0,1) — wr(1) — war(1,1) — wsr(2) — wyr(0,2)

In general, polynomial systems are determined by the set of higher order statistics r(k) =
E[z(n)x(n — k)] and r(k,l) = E[z(n)z(n — k)z(n —1)].
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3. (30 pts) Let s(n) and w(n) be independent random variables, where s(n) has correlation
rs(1) = pll and w(n) is independent of s(n) and is white with variance o2.

e (20 pts) Let an observed sequence be generated by
z(n) = s(n) + w(n).
Suppose we wish to estimate s(n) from z(n — k) as

3(n) = agz(n — k).

using mean squared error as the cost function. Directly utilize the MSE cost function to

determine the MSE optimal coefficient ay, i.e., minimize E[(s(n) — §(n))?].
e (10 pts) What is the optimal coefficient if the noise is multiplicative,
z(n) = s(n)w(n).
Explain the result.

Answer:

E[(s(n) —3(n))’] = El(s(n) — agz(n — k))?]

E[(s*(n)] - 2axE[s(n)a(n — k)] + a; E[z*(n — k)]

E[( 2(n)] = 2axE[s(n)(s(n — k) + w(n — k))] + ap Elz*(n — k)]
= o2 —2ar(k) + ajo>

Differentiating and equating to 0,

r(k) _ p*
@ = o2 T 1402
In the multiplicative case,
El(s(n) = 3(n))?] = Bl(s(n) — axz(n —k))?]
—  Bl(s*(n)] — 20k Els(n)a(n — k)] + a2 Ela?(n — k)]
= E[(s2(n)] — 2akE[s(n)s(n — k)w(n — k)] + a2 E[z%(n — k)]
= 02— 0+aio?
Differentiating and equating to 0,
A = 0.

Reason: the multiplicative noise makes the desired and observed sequences uncorrelated.



