ELEG-636 Test #1, March 23, 2000 NAME:

1. (30 pts) The random variables x and y are independent and uniformly distributed on
the interval [0,1]. Determine the conditional distribution f, 4(r|A) where r = /22 + y? and
A={r<1}.

Answer:

Examine the joint density f;,(z,y) in the zy plane. Since x and y are independent,

fx,y(may) = fz(ﬂﬁ)fy(y) =1 for0<z,y<1

This defines a uniform density over the region 0 < z,y < 1 in the first quadrant of the zy plane.
Note that r = /22 + y? defines an arc in the first quadrant. Also, if 0 < r < 1 the area under
the uniform density up to radius r is simply given by

E0) = e <= [ (e

2
ldxdy:% for0<r<1

/\/W@
Then for A = {r <1}.

Foand)  F(r) w4

2
= = = f <r<l1
PriA] CR(1) 4 " fr0srs

Fyja(rld) =

Thus, fa(r[A) = 2r for 0 <r < 1 and 0 elsewhere.
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2. (35 pts) A random process is defined by
z[n] = s[n] +nln]
where n[n] is a unit variance white noise process and s[n] is given by
s[n] = ps[n — 1] + w[n]
and w|n] is also a unit variance white noise process independent of n[n].
e (20 pts) What is the correlation function R;[l] and the PSD S, (w)?

e (15 pts) Suppose p = 0.5 and z[n] is to be modeled as a second order AR process.
Determine the optimal values of all parameters necessary to describe the second order
AR model.

Answer:

Consider first the correlation of s[n]. Let the lag be [ =0,

rs[0] = Els[n]s[n]] = El(ps[n — 1] + w[n]) (ps[n — 1] + wn])]
= pElsln —1]s[n — 1]] + 2E[s[n — 1Jw[n]) + E[w[n]w[n]]

= :0275[0] +1=

1+ p?

Recall that the correlation function has the same characteristic function as the time domain
signal. Thus for [ > 0,

rs[l] = prsll — 1]

or combining with the results for r,[0],

L
1+ p?°

—
—

Ts

And since s[n] and n[n] are independent, their correlation functions add, giving

1 = o[ ol
rall) = 800 + 75—

Taking the Fourier transform

R.[z] = 1+

1 1
—1+ + —

1
1+ p? —p(z+z1)>

2
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Evaluating on the unit circle, z = /%, gives the FT and the desired PSD

1—p? 1
S =1
v(w) +1+p2 <1+p2—2pcosw>

For p=0.5 and N =2,

Thus

and the AR model is
x[n] = 0.6562z[n — 1] 4+ 0.1563x[n — 2] + v[n]
Where v[n] is WGN with

N
oy =Y air(i) = 1.8 — 0.6562 x 1.4 — 0.1563 x 1.2 = 0.6937

v
1=0
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3. (35 pts) The time between new cell phone connections to a local base station is governed by
the exponential distribution

ae T T>0

otherwise

e (15 pts) Derive the ML estimate of « assuming N independent observations, 71,75, ..., Ty,
are recorded.

Suppose now that « is a RV described by the distribution

o afZe=P a>0
fale) = { 0 otherwise

e (10 pts) Derive the MAP estimate of «.
e (10 pts) Derive the mean—square estimate of «.

Note: [;°y"e Ydy = n!
Answer: v
Irja(Tla) = aNeme 2

Taking the log, differentiating, and equating to 0 yields
1

QN = 1 N
~ iz i

For v a RV, (Tl @)
_Jra(Tle)fale) 1 Ny —a(B+ N T
fa|T(a|T) - fT(T) = fT(T)a B%e

Ignoring the denominator, which is not a function of «, taking the log, differentiating, and
equating to 0 yields

1
T L+ S T)
The MSE estimate is given by
00 00 o T a
anse = Elo|T] = /0 afor(a|T)da :/0 oz ;Tgr_oli))f @) 16
_ 1 X Nt2452 foc(ﬁJrEfV:l T:)
= (T /0 o TeB% da
Letting ¢ = 3+ Y| T; and 0 = aé
_» © N42 —ad g B2 (NH3) poo o g BAN +2)lp (V)
ayMSE = (T /0 « e da = 7fT(T) /0 0 e ’df = (T
B2(N +2)!
fr(T)(B+ L, T)N+2
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Similar arguments show that

00 2 |
fT(T) — / 04N+1/3267a(’6+2?]=1 Tl)dO{ — ﬁ (JX"F ]-)
0 (B+ 2t T)NH?
Thus,
. B2(N +2)! N +2 1
MSE — =

B+ L TN~ 3+ T B+ L T)



