ELEG-636 Test #1, March 25, 1999 NAME:

1. (35 pts) Lety = min{|x1|, z2} wherez; andxs are i.i.d. inputs with cdf and pdF;(-) and f,(-),

respectively. For simplicity, assumfg(-) is symmetric about 0, i.ef,(x) = f,(—x). Determine the

cdf and pdf ofy in terms of the distribution of the inputs. Plot the pdfydfor f,(-) uniform on[—1, 1].
Note that

F () = Fy(z) — Fy(—z) forz >0
7= 0 otherwise

Also
Fin{zy,0,} (2) =1 = Play 2 2} P{oy > 2} =1 — (1 — Fy,y (2))(1 — Foy(2))
Thus,
Fy(y) =1— (1= Fly () (1 = Fay (y))

_ { 1—(1— Fu(y) + Fo(—y))(1 — Fy(y)) fory >0
1—(1-F,(y)) otherwise

_ { 2F,(y) — Fu(—y) — F2(y) + Fe(y)Fo(—y) fory >0
Fi(y) otherwise

If f.(-) is symmetric about 0, thefy,(z) = f,(—z) andF,(z) = 1 — F,(—=z), giving

Fyly) =

{ 2F,(y) — (1 — Fo(y)) — F2(y) + Fa(y)(1 — F(y)) fory >0
F,(y) otherwise

_ [ AFu(y) —2F2(y) —1 fory >0
o F.(y) otherwise

Taking the derivative,

_ ) Afa(y) —4fa(y) Fa(y) fory >0
fy(y)—{ ’ fx(y)y ! othgrwise

_ { Afz(y)(1 — Fy(y)) fory >0
fz(y) otherwise
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2. (35 pts) Consider the observed samples

yi =0+
fori=1,2,..., N. We wish to estimate the location paraméteising a maximum likelihood estimator
operating on the observatiops, y-, . . . , yn. Consider two cases:

e (10 pts) Ther; terms are i.i.d. with distribution; ~ N (0,02), fori =1,2,...,N.
e (10 pts) Ther; terms are independent with distributien ~ N (0, 0?), fori = 1,2,..., N.

¢ (15 pts) Are the estimates unbiased? What is the variance of the estimates? Are they consistent?

N OC o>- 1 \N2 ;=9
fy\a Y|9 H = ( 2) Zl Lo2e?

2o

Thus,

N 2
(yi — 0)

Oy, = arg mgxx — ZE:I orm

and taking the derivative,

N B 9ML 1 XN
SR 5 = =Y
P N &

For the case of changing variances,

)

N N
_9 Z =1

E ML =0=0y1 = :

=1 i=1

8=
\g!
s
I
&

which is a normalized filter, where; = % fori=1,2,...,N.
For each estimat&{6,,1,} = 6, and they are thus unbiased.

N i — w2 N o\
Var(0y1)[N] = B{ (a1, — 0)%} = (Zz:”y;yz _ z9> v (Zz? >
Ez:lwz Zzzlwz

_ BE{LY, Z;yﬂwiwiijj} Y wio} _ S wi _ 1
(Zfil wi)2 (Zz_l wz)2 (Zfil wi)Q Zf\;1 w;
Sincew; > 0, we have vay)[N + 1] < var(@x)[N]. This, combined with the fact that the
estimator is unbiased means the estimate is consistent.
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3. (30 pts) Noncausal IR Weiner filter design: Suppose a honcausal filter with infinite impulse response
estimates a desired signdl/(n)}, based on the observed sigdal(n)}. The estimate in this case is
given by

oo

dn)= Y z()h(n—1)

[=—00
where{h(n)} is the infinite, noncausal filter impulse response and where all signals are assumed to be
WSS. Utilizing the orthogonality principle, show that the optimal noncausal, IR Weiner filter is given

by

From the orthogonality property,

E{z(n—k)e*(n)} =FE {w(n — k) (d*(n) - Z x*(n— l)h"(l)) } =0

E{z(n—k)d*(n)} = Z E{z(n —k)z*(n —1)}n"(l)
|l=—00
rza(—k) = i": rz(l —k)h*(l) = i": ra(k —)h*(l) =y (k) @ h* (k)
|l=—00 |l=—00

Thus taking the complex conjugate,

or




ELEG-636 Test #1, March 25, 1999 NAME:




