Method of Least Squares
The LSfiltering method is adeterministic

method. The performance criteriaisthe sum

of squared errors produced by the filter over

afinite set of (training) data

 The method isrelated to linear
regression

e Optimization procedureresultsinal S
best fit for the filter over the samplesin

the optimization (training) Sset.



Consider the linear transversal filter
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Figere 112 Livesr transversai filer model.

Given
M O the number of tapsin the filter
{x(N} O Input sequence
{d(i)} U desired output sequence
fori =1, 2, ...,N. The goal of the LS

method is to set the tap weights such that

sum of squared errors
N
ew) =" lel) [
=M

IS mMinimized.



Let W=[Wo, W, Wy 4]" be the weight
vector and
X() =[x(@),x(@i =), --,x({ —M +D]"
be the observation vector for M <1 < N.
Then the error of timei is
e(i) =d(@i) —w"x(i)
Thefull set of error values can be compiled

Into a vector.
Define

g" =[e(M),e(M +1),---,e(N)]

Thengisthe(N—-M + 1) x 1 error vector.



Similarly, the (N—M + 1) x 1 desired vector
d can be defined as

d" =[d(M),d(M +1),---,d(N)]

If the filter output is denoted &) . then
combining the filter output values in a
vector yields
d" =[d(M),d(M +1),---,d(N)]
=[w"x(M),w"xX(M +12),---,w"x(N)]
=w"[X(M),X(M +1),---,x(N)]
—wHAH

A" =[x(M),X(M +1),---,x(N)]

IS the observation data matrix.



Expanding the data matrix
A" =[x(M),x(M +1),---,x(N)]

Ox(M)  x(M+1) --. X(N)
:%(M ) x(M) - x(N-1)

0o SN 3

Xl x@ - x(N=M +1)

Weseethat A" isaM x (N=M + 1)
rectangular toplitz matrix

Combining all the above we have

N

filter output vector; d" =w"A"

desired output vector; d"
error vector: e =d" -g"
=d" —-w" A"
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The sum of the squared estimate errors can

now be written as

)= 3 led)

=g'e

=d" -w"A")(d-Aw)

=d"d-d"Aw-w"A"d+w" A" Aw
minimizing with respect to w,

0e\W) _ _pakg+2AH Aw

setting to zero givesthe optimal LS
weightsW
A Determinigic
[] A"AW=A"d E“ _ E
ormal eguation



while A is not generally square, and thus not

invertable, A™A is square and generally
Invertable.

Thus
A"AW=A"d
0 w=(A"A) AR
Note that the deterministic can be rearranged

as
A"AW-A"d=0
A"(Aw-d)=0 orusing g =d-Aw
Ale =0
Thus the LS orthogonality principle states

that the estimate error €min 1S orthogonal to

the row vectors of the data matrix A".



Or in its expanded form

AMg =0
OxM)  XM+D) - x(N) [, M) 0 00
%(M D) N Tor(M+D_ 0
: EID : D ElN
1 @ - xn-meaHe,m 59

We can also derive the minimum sum of

squared errors, which resultswhen W is
used.
€rin = Emin®rmin
=(d" -w"A")(d-AW)
=d"d-w"A"d-d"AW+W" A" AW



Utilizing the normal equations we have
wrATd =w" A" AW
Thus,
e =d'd-w"A"d-d"Aw+W"A" AW

%K_J
wh AP AW

=d"d-d"Aw
or using W=(A"A)"A"d
e. :ﬁ—dHA(AHA)‘lAHd
energy of
desired response

L _N%manz



Consider again the deterministic normal

equation
AR AW =A"d
Note that
X" (M)
AHA =[x(M),x(M +1),-- x(N)]B( (M 1)5
S x)
= 5 X0 )
=@
1\—Timeaveraged

correlation matrix
sizeM xM
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From b= ii x(@i)x" (i)

We see

1) @ isHermetian

2) @ isnonnegative definite

since for any a

a"®a= i a"x(i)x" ()a

=% [a"x()][a"x()]"

:_$|a“'x(i)|220

3) From1) and 2) we can derive that the

eigenvalues of ® arerea and

nonnegative
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The deterministic normal equation,

A"AwW=A"d
also gives
0d%(M) O
%D(M +1)D
A"d =[x(M),x(M +1),-~,x(N)]D : %
5 d°(N)
:Iix(i)dm(i)
=0

L Time averaged
Cross-correl ation vector
sizeM x 1
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Thus the deterministic normal equation can
be expressed as
A"AW=A"d
dw =0
and since @ isusualy positive definite
(always positive semi-definite)
W=0"0
Also, €in can now be expressed as

6., =d"d-d" A(A"A) A"

0 W

=d"d-0"w
=e,-0"W=¢g,-0"®70

L

Energy of desired signal
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Consider again the orthogonality principle
AMg =0

For d the estimate of d utilizing W, i.e.

e N

d=w"A" we have
Ale =0
O w"A e =w"0
asmin =0
Thus, the minimum estimation error vector,

€.in, IS orthogonal to the data matrix A"

and the LS estimate d .
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Analysis of LS solution

Suppose that the true underlying system is
linear,

(i) = Mgvvofxa ~K)+e, )

=Wy X(i) +&(i)
where ey(i) Is the unobservable measurement
error,

E{&()} =0
and
2 " :k
OO
That Is, ey(i) 1swhile with zero mean and

variance 0°.
Expressing the desired signal in vector form
d=Aw, +¢g,

where € =[€(M),&(M +1),--,&(N)]
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Recall that
w=(A"A)AMd
using d =AW, + &, in the above
W=(A"A)TAR Aw, +(ATA) A g,
=w, +(A"A) A g,
Since A isfixed, taking the expectation
yields
E{(Ww} =w,+(A"A)"A"Ele.}
=w,

e« ThelSestimate, W, isunbiased.

16



Consider next the covariance of W .
Note that
W =W, + (AHA)‘lAHso
0 w-w,=(A"A)"A"g,
and
COVM’] - E{(W — Wo)(\;\V — Wo) " }
=E{(A"A)"A"g e A(A"A)T}
=0 A" Eeel JAD™
a\gl
=o°®'dp™
=0 Z(I)—l

« Thecovariance of W s proportiona to
the variance of the measurement noise
and the inverse of the time average

correlation matrix.
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Now we will show that the LS estimate W is
the best linear unbiased estimate.

Consider any linear unbiased estimate W,

which we can write as
w =Bd
M x (N—-M + 1) matrix
Substituting 4 =AW, * £, in the above,
w =BAw, +Beg,
Taking the expectation,

E{W} =BAwW,
0 BA=I

for W to be unbiased.

Thus W =W, *+Bg,
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or
W —-w, = Bg,
and
COV[W] = E{ (W —w, ) (W —w,)"}
= E{Bg,e; B"}
= 0°BB"
Now define
v=B-(A"A)A"
which yields
y=[B-®"A"][B" ~A®™]
=BB" -BA®™ -®~A"B" +0"A"A®”
| | oo™
=BB" -0 -0 +@™
=BB" -®*=BB" -(A"A)™
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Note that the diagonal elements at gy

must be > 0.
Thus wy" =BB" —(A"A)™

0 diag[BB"]=diag[(A"A)™]
or multiplying by o

diago’BB" > diag g’ (A" A)™]
but
coviy] =o*(A"A)
cov[w] = o“BB"
Thus the above states
variancep] = variancelt] i=212,...M

Thus the weightsin W have lower variance

than any other linear estimates.

e ThelLSestimate W isthe Best Linear
Unbiased Estimate (BLUE).
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Recursive Least Squares (RLS) estimateion

In the LS approach, we chose the M el ement

weight vector w to minimize

ew) =Y lef)

where e(i) =d(i) —w"x(i)
L etting the observation vectors be written as

A" =[x(M),x(M +1),...,x(N)]

Ox(M) x(M-1 --. X(N) O
M=) xM-2) - x(N-D 5
0o . 0
AX(N)  x(N=1) - x(N-M+D{
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and given the desired output

d" =[d(M),d(M +1),...,d(N)]
The LS solution is defined by

ATAw=A"d
or
w=(A"A)"A"d
=00
where

P = %x(i)xH i o :_ix(i)dﬂ(i)
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We now wish to form arecursive update for

the weights such that we do not have to

recompute (A" A)™ for each new

observation sample

(A"A) isMxM
inversion requires O(M°) multiplications
and additions

we can use the matrix inversion lemma

to reduce the number of computations

weights are now afunction of n

u(f) uli-1) wi-M+2) ui-M+1)

z-1 - [N z-
@ @ - @ @

~(x) @ @ - (i)

Figure 13.1 Transversal filter.
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L et the observation sequence be x(1), x(2),

..., X(n) where we assumel) = 0 forl < 0.

Then the error is defined as
g(n) = Zﬁ(n,i) (i) [

where
e(i) =d(i) —w" (M)x(i)
X(1) =[x@),x{ =1),...,x([i —M +1)]"
w(n) =[w, (M), w;(n),..., Wy, (N]'
andf(n, NU(O, 1] is a forgetting factor used

In non-stationary statistic cases.
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A commonly used forgetting factor isthe

exponential forgetting factor
B(n,i)=A"" 1=12,---,n
where 4 0(0]
Thus,
)= A" |e()[
=1

The LS solution to this problem is given by
the normal equation

d(n)w(n) =0(n)
where now

®d(n) = iA”"x(i)x“ (i)

a(n) = iA““x(i)dD(i)
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The deterministic normal equation

components can be updated recursively,
d(n) = Z/\”“x(i)xH (i)

= ﬁ%“‘”“x(i X7 (i) E+ x(n)x™ (n)

®(n-1)
= A®(n-1) +x(n)x" (n)
Similarly

a(n) = iA““x(i)dD(i)

=) ﬁ»”ﬂ*ix(i)d D(i)ﬁ+x(n)o| “(n)

= 10(n—-1) +x(n)d“(n)
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|n order to obtain the LS solution, we need

the inverse of ®(N)

matrix inversion lemmagives

A =B™*+ C D*C"

Sizee MxM  MxM  MxL LxL LxM
where A, B and D are positive definite (non-

singular)
Then
A'=B-BOD+C"BC]*C"B
For
®(n) = AD®(n-1) + x(n)x" (n)
we have

A=®(n) (MxM) C=x(n) (M xJ)
BL=Ad(n-1) (MxM) D=1 (1x1)
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For
A =d(n) C=x(n)
B*=A®(n-1) D=1

and
A =B-BC[D+C"BC]'C"B
Note that
[D+C"BC] ™ =[1+ A7 X" (N®*(n—-Dx(n)]™
Isascalar. Thusthe above yields

X O (n-Dx(NX" (N®*(n-1)
1+ %™ (N® ™ (n=Dx(N)

O (N =AD" (n-1) -
Let P(n) =@~ (n)

() = AP(n—-1)x(n)
T_1+ A" (N)P(n=-2)x(n)

Then Gain vector

P(n) = A'P(n=1) - A"k (n)x" (n)P(n—1)
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The gain vector can be simplified further

() = AP(n—-1)x(n)
1+ 27" (n)P(n-2)x(n)

[]

k(n) = PN =1)x(n) = A%k (N)x" (N)P(n-1)x(n)
=[A*P(n-1) - Ak (X" (M)P(n-1)]x(n)

P(n)

Therefore
k(n) = P(n)x(n) =@~ (n)x(n)
we must now derive an update for the tap

weight vector. Recall,

W(n) =@~ (n)8(n) = P(n)e(n)
using 8(n) =A6(n—1) +x(n)d"(n)

we have

w(n) = AP(n)8(n -1 + P(n)x(n)d"(n)
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Using the update

P(n) =A"P(n-1) - A"k (n)x" (N)P(n-1)
In the first P(n) term of
W(n) = AP(M)O(n—1) + P(Mx(n)d (n) gives

W(n) = ALP(N-1) - 7%k (n)x" (N)P(n—1)]0(n—1)

+P(n)x(n)d~(n)

=P(n-1)0(n-1) -k(n)x" (N)P(n-1)8(n-1)

D UG e A

=w(n-1) -k(n)x" (n)Ww(n-1) + P(n)x(n)d “(n)
k(n)

=W(n-1) -k (n)[x" (NW(n-1) —d"(n)]

=w(n-1 +k(n)a"(n)

where a(n) =d(n) —w" (n—Dx(n)
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Notice the difference between e(n) and a(n)

e(n) =d(n) —-W" (n)x(n) = a posteriarierror
a(n) =d(n)-w" (n—-1)x(n) =a priori error

Summary of RLS algorithm:

1) Given anew sample x(n), update the
gain vector

() = A P(=Dx(n)
1+ A x" (N)P(n=1)x(n)
2) Update the innovation
a(n) =d(n) -w" (n-1)x(n)
3) Update the tap weight vector
w(n) =w(n-1) +k(n)a(n)
4) Update inverse correlation matrix
P(n) = A"P(n-1) - A"k (n)x" (n)P(n-1)
Initial conditions; W(0) =0 and ®(0) =l

where oisasmall positive constant,

5=0.0107
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Input vector
(e ‘ wH({n—1)u(p
") T\ransversal filter (=1uin) —» Output
w(n-1}
. Error -
Adgptlve E(m
weight-contro!
mechanism
T +
Desired
response
(& ofn)

Comparison between RLSand LMS

algorithm terms:

Entity RLS LMS
Error a(n)=d(n)-w" (n-Dx(n) | e(n) =d(n)-w" (n)x(n)
(a priori error) (a posteriari error)

Weight | &(n)=dn-1)+kn)a"n) | win+1)=w(n)+mxnein)
Update

Gan of e ) (Ux(n)
error update | L+ A X" (MP(n-Dx(n)
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Consider the complexity (number of
additions and multiplies) for LMS, LS, and
RLS algorithms.

e Assumethedataisrea and thefilter is
of size M.
For the LM S algorithm,

1) d(n) =w (nx(n)
2y e(n) =d(n)-d(n)
3) w(n+1) =w(n)+x(n)e(n)

Complexity:
Stage Ox O+
1) M M-1
2) 0 1
3) M+1 M
Total complexity | O, (2 M+1) O.(2 M)
per iteration
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The LS algorithm is given by
O(nw(n) =06(n).

For each new sample we have

1) @(n+1)=d(n)+x(n+)x' (n+1)

2) 6(n+1)=6(n)+x(n+1)d(n+1)

3) W(n+1) =@ (n+1)0(n+1)

Complexity:
Stage Oy O,
1) M? M?
2) M M
3) M+ M* | M*+ M(M-1)
Total complexity | O.( M3+ 2M%+ M) |  O.( M*+ 2M?)
per iteration




The RLS algorithmis (assume A = 1) given

by:
___ P(n=Dx(n)

) K )_1+XT(n)P(n—1)x(n)

2) a(n)=d(n)-w'(n-1)x(n)

3) W(n)=w(n-1)+k(n)a(n)

4) P(n)=P(n-1D-k (n)x" (N)P(n-1)
Note repeated operation:

x' (N)P(n—1) repeated steps are underlined
complexity:

Stage O O,

1) numerator M? M(M-1)
denominator = M*+ M M (M-1)+ M
division M

2) M M

3) M M

4) MM | M(M-1)+M*
Total complexity |  O.(3M*+4 M) O.(3M*+M)

per iteration
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Analysis of the RLS algorithm
Assume again that the desired signal is
formed by the regression model
d(n) =,(n) +wh'x(n)
where &(N) iswhite with variance 0°
Assume A =1and n= M, then
W(n) =@ (n)e(n)

where
M(n) = ix(i)x“ (i)
and -
o =3 x(1)d()
substituting into d(i)l;lrom above
Mm=2ij%H%WmM]

n

— Zx(i)xH (iw, + ixo)ec?(i)

=¢mmw+ixm$m
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Thus
w(n) =®*(n)0(n)

=@ (N)[®(nN)w, + iX(i)eE(i)]

= w, +®X(n) Y x(i)eS()

notethat E{A =EEA|B}} Thus
E{w(n)}

:Wo+E{E{(I)'l(n)ix(i)eg(i)IX(i),i=L2 ..... i}

=w, + E{(I)'l(n)i x()E{e(i)}}

= W0

Since ey(1) I1sindependent of all observations

and are the x(1) terms are given, d(n) is

uniquely determined

« TheRLSalgorithm isconvergent inthe
mean for n=> M.

 How doesthis comparetothe LMS
algorithm?
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Next, consider the convergence in the mean

square. Using
W(n) = wo + (M) x()ey()
we have

£(n) = W(n) - w, =@ (n)'S x(i)eS(i)

and the weight error correlation matrix is
K () = E{s(n)e” (m)}

- E{q)—l(n)gi RO (j)@bﬂ(n)}
using E{A = E(E{AIB}} again

K(n)=E{®™(n) ZX(I)E{GO(I)GO(J)}X (DR~ ()}

g?d(i -

= 0?E{ @ (n)[Hzx(u)x (.)Em )
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K (n) = o’E{ @ (n)®(n)® }(n)} = o’ E{®(n)}
The matrix ®(n) has a Wishart distribution
and the expectation of ®7(n) is

1
E{®d(n)) = R™ >M +1
{® ()} vy n
thus
0.2
K(n) = R™ n>M +1
n—-M -1

and using the trace

E{|le(n) [} = E{" (n)2(n)}

= E{tracde" (n)z(n)]} = E{tracdg(n)e" (n)]}
= traceE{e(n)e" (n)} = tracd K (n)]

—_ 0-2 -1

By _1trace[R |

ot X1

n-M-14 A

 Theweight vector MSE isinitially
proportional to 1/ 4,

 Theweight vector converges linearly in
the mean sguared sense

n>M +1
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Now consider the learning (error) curve of
the RLS algorithm. Recall the a priori
estimation error
a(n)=d(n) -w" (n-1)x(n)
=& () + W x(n) —W" (n=1)x(n)
=& (n)—&" (n-1x(n)
Now consider the MSE of a(n)

J(n) =E{|a(n) [}
= E{[&(n) —x" (n)g(n-1)]
[&,(n) —&" (n=1)x(n)]}
= E{|&(n) [’} - E{x" (nN)e(n-1)g,(n)}
-E{e" (n-Dx(n)ey(n)}
+E{x" (n)e(n-1)e" (n—Dx(n)}
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Consider each term:
EleM[}=0°
Invoking the independence theorem, €(N—1)
IS independent of x(n) and ey(n). Thus,
Ee" (n-Dx(n)e, (M} = E{" (n—-D}IE{x(n)&, ()}
which is 0 by the orthogonality principle.
Thus

E{s" (n-Dx(n)g,(n)} = E{x" (n)e(n-1)g,(n)} =0
Now consider the last term

E{x" (n)e(n-1e" (n—Dx(n)}
= E{tracelx"” (n)e(n—1)e" (n—1)x(n)]}
= E{tracelx(n)x" (n)e(n—-De" (n-1)]}
by the independence theorem

= trace[E{x(N)x" (N)}E{e(n—-De" (n-1}]
=tracelRK (n-1)]

41



Putting the pieces together

J'(n) =o? +tracelRK (n-1)]
or since

0.2

K(n-1) = R™
n-M -2
we have
2
J'(n)=0°+ Ma n>M +1
n—-M-2

 Theensemble average learning curve of
the RLS converges in about 2M
Iterations, which istypically an order of

magnitude faster thanthe LM S
- I _ 2
IImJ(N) =0° s thereis no excess

MSE

e Convergence of the RLS algorithm is

independent the eigenvalues of ®(N)
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Example: Consider again the channel

equalization problem

» Delay
) Adaptive
Random-noise Channel ——@—-» transversal
generator (1) N equalizer
n
{n) ' /
Random-noise
a tor (2)

Figure 13.5 Block diagram of adaptive equalizer for computer experiment.

Where

%[H cos(ZWﬂ (n—-1)] n=123

=D Otherwise
As before a 11-tap filter isused. The SNR is
fixed at 30dB and W is varied to control the

eigenvalue spread.

hn:
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Ensemble-averaged squared error

107"
107 E
\ dw=23s
AM- A ] w=33
ﬂ.kﬂl M.A{~~ '”M~ I’\ ’~IM!V q W=231
w Ww=29
104 1 i 1 1 1 1 1 1 1
0 20 40 60 80 100 120 140 160 180 200

Number of iterations, n

The RLS algorithm converges in about
20 iterations (twice the number of filter
taps).

The convergence is insensative to the

elgenvalue spread.



10"

10”_%

Ensemble-averaged squared errar

1 'l i 1 i 1 1 1 1
8] 50 100 150 200 250 300 350 400 450 500
Number of iterations, n

Figure 13.7 Leaming curves for the RLS and LMS algorithms for W = 3.1 (i.e., eigen-
value spread x(R) = 11.1238), and SNR = 10 dB. RLS: & = 0.004 and » = 1.0. LMS:
Step size parameter p = 0.075.

The RLS algorithm converges faster
than the LM S algorithm

The RLS algorithm has lower steady
state error than the LM S algorithm.
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