2.6  The optimum filtering solution is defined by the Wiener-Hopf equation

Rw,=p 1)
for which the minimum mean-square error equals

2 H
Imin = Og—P W, 2

Combine Egs. (1) and (2) into asingle relation:

4 vl b

Define
2 H

A=1% P 3
p R

Since

o5 = E[d(n)d" (n)],

E[u(n)d (n)] ,and

o
I

R = E[u(mu (n)],

we may rewrite Eq. (3) as

A = [EldMd (] ELd(m]u”(n)
E[u(n)d (n)] E[u(n)u" (n)]
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2.7

Uid(n) 0
= E * H
EL(nJ & o, o)
The minimum mean-square error equals

J _ 2 H
min — 94— P W

Eliminate 03 between Egs. (1) and (4):

Jw) = Jqint pr0 — pr —wH p+ wRw
Eliminate p between (2) and (5):
Jw) = Jint Wg RWO—WE RW—WH Rw, + WH Rw
where we have used the property RH=R. We may rewrite Eq. (6) smply as
_ H
J(w) = Jint(w=w,) R(w-w,)
which clearly show that J(Wg) = Jpmin.
The minimum mean-square error equals
2 H4-1
JMn:(%_p Rp
Using the spectral theorem, we may express the correlation matrix R as

R = QAQ"

M

H
> Mk
k=1

Hence, the inverse of R equals

-1 Ml
R :Z)\—

k=1 K

H
Ak
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4.3

4.4

4.5

aJ

S = 2r(0)(w— w)

(8 Thereisasingle mode with eigenvalue A; = r(0), and g; = 1, Hence,
2
J(n) = Jin +)\l|v1(n)|
where vy(n) = gy (W - W() = (W - W(n))

(b) ‘”(”) = vp(m)? = (wo—w(n))?

The estimation error e(n) equals

e(n) = d(n)—w" (n)u(n)

where d(n) is the desired response, w(n) is the tap-weight vector, and u(n) is the tap-input
vector. Hence, the gradient of the instantaneous squared error equals

A3 = [le(m)?] = [e(n)e’ (n)]
= o280+ ¢ (20

—2e*(n)u(n) = 2u(n)d*(n) + 2u(n)uH(n)w(n)

Consider the approximation to the inverse of the correlation matrix:

n

R+ =p Y (1 -uR)"
k=0

where U is a positive constant bounded in value as

2
0<|_,l<)\—

max

where A isthelargest eigenvalue of R. Note that according to this approximation, we

have R1(1) = pl. Correspondingly, we may approximate the optimum Wiener solution as

112



4.6

w(n+1) = R_l(n+1)p
! k
=uy (I-KR)'p
k=0

n
k
= pp+py (I-uR)p
k=1
In the second term, put k=i+1 ori = k-1:

n

w(n+1) = pup+u(l —pR) > (I —HR)'p
k=1

= pp + (I —pR)w(n)
where, in the second line, we have used the fact that
n .
|
Ky (1-pR)p = w(n)
i=0
Hence, rearranging Eq. (1):

w(n+1) = w(n) +u[p —Rw(n)]

which isthe standard formulafor the steepest descent algorithm.

Iw(n+1)) = Iw(n) —ullg(m]?

For stability of the steepest-descent algorithm, we therefore require

J(w(n+1)) < J(w(n))

D)

To satisfy this requirement, the step-size parameter p should be positive, since

2
ullg(n)l” > 0.

Hence, the steepest-descent algorithm becomes unstable when the step-size parameter is

negative.
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The corresponding plot of the error performance surface is therefore

J(n)

r’(1)
O

0 T ()IN0)

(c) The condition on the step-size parameter is

O<p< %5
4.10 The second-order AR process u(n) is described by the difference equation
u(n) = —0.5u(n-1) + u(n-2) + v(n)
Hence,
w; = -05 w, =1
and the AR parameters equal
a; =05 a,=-1

Accordingly, we write the Yule-Walker equations as

[r(O) r(l)} [—o.s} _ {r(l)}
r(d) r(0)|| 1 r(2)
2

2
g, = Z a,r (k)
k=0

|_\
I

agr(0) +ar(1) +a,r(2)

r(0) +0.5r(1) —r(2)

Egs. (1), (2) and (3) yield
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411

r0)=0

r(l)=1
r(2 =-1/2
Hence,

=0

The eigenvalues of R are-1, +1. For convergence of the steepest descent algorithm:

2
0<p<)\—

max

where Ao iS the largest eigenvalue of the correlation matrix R. Hence, with A5 = 1.

O<p<2

u(n-2) = 0.5u(n-1) + u(n) —v(n)
Hence,

w; =1 w, =05

*

Accordingly, we may write Rw,, = (B as

{r(O) r(1)M1} _ {r(Z)}
r(1) r(0)||0.5 r(1)
2

2
o, = Z ar(k)
k=0

1=r(0)-r(1)-0.5r(2)

r(0)=0
r(l) =-2/3

Therefore, R = | 9 —2/3
—2/3 0
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5.5

components subtract coherently, thereby yielding the average power (A%/2)(1-a)2. Hence,
we may express the cost function J as

2 2
_ 2 [Rap2, A 2
J=o,+ chaOv t —2—(1—a)
Differentiating J with respect to a and setting the result equal to zero yields the optimum
scale factor

2

. A
opt
" A2 a(e?/m)

a

(A*/202)(M/2)

1+ (A%/202)(M/2)

_ _(M/2)SNR
1+(M/2)SNR

where SNR = A%/20°
The index of performance equals
Jw,K) = E[eX(m)], K =123,
The estimation error e(n) equals

e(n) = d(n)—w' (n)u(n) (1)

where d(n) is the desired response, w(n) is the tap-weight vector of the transversal filter,
and u(n) is the tap-input vector. In accordance with the multiple linear regression model
for d(n), we have

d(n) = w, (n)u(n) %)

where w,, is the parameter vector, and v(n) is a white-noise process of zero mean and
variance o2.

(8 Theinstantaneous gradient vector equals
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O(n, K)

0

_ 0 . 2K
= (€7 ()]

2K-1(n de(n)

= 2Ke 3

)

= _2ke** Y (nyu(n)

Hence, we may express the new adaptation rule for the estimate of the tap-weight
vector as

W(n+1) = W(n) — %u(—ﬂ(n, K))

= W(n) + puKu(n)e™ *(n) 3

(b) Eliminate d(n) between Egs. (1) and (2), with the estimate w(n) used in place of
w(n):

e(n) = (wy—Ww(n)) u(n) +v(n)

=0 " (n)u(n) + v(n)

= u'"(n) O (n) +v(n) )

Subtract w,, from both sides of Eq. (3):
O(n+1) = O (n)-pKu(n)e®<(n) (5)

For the case when J(n) is close to zero (i.e., W(n) iscloseto w,), we may use Eq. (4)
to write

Ly = [T (ny O (n) + ()™

ok u'(n) 0 (n)72<t
= v (n)[1+—v(n) }
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(©)

2Kkl u'(n) O (n)
=V (n)[1+(2K-1)T}

= vy + 2k-1)u(n) 0 (v E D) 6)
Substitute Eqg. (6) into (5):

0 (n+1) = [1 = uK 2K-)v?E D myumyuT (n)] O (n)-pkv™ u(n)

Taking the expectation of both sides of this relation and recognizing that (1) CI(n) is
independent of u(n) by low-passfiltering action of thefilter, (2) u(n) isindependent of
v(n) by assumption, and (3) u(n) has zero mean, we get

E[ O (n+1)] = {1 —pK2K-D)ENV D) R E[ O ()] ©
where

R = E[u(mu’ (n)]

Let

R = QAQ" ®)

where A isthe diagonal matrix of eigenvalues of R, and Q is a matrix whose column
vectors equal the associated eigenvectors. Hence, substituting Eqg. (8) in (7) and using

v(n) = QE[ 0 (m)]

we get

v(n+1) = {1 —pK(2K-DE[V D m)iat (n)

That is, theith element of this equation is
U 2(K-1 U
0;(N+1) = %ﬂ—uK(ZK-l)E[v ( )(n)]AiEui(n) 9)

where v;(n) istheith element of u(n), and i = 1,2, ---, M. Solving the first-order
difference equation (9):
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5.6

(d)

(@

n-1
0,(n) = Ea_uK(ZK-l)E[vz(K'l)(n)]AiE v;(0)

where v;(0) is the initial value of v;(n). Hence, for v,(n) to converge, we require
that

|1 pk 2k-ENVS DA, <1
where Ao ISthe largest eigenvalue of R. This condition on pu may be rewritten as

2

O<p<
K(2K-D)A E[VE D ()]

(10)

When this condition is satisfied, we find that

U;(®) - 0 for all i
That is, () — 0and, correspondingly, W(e) - w.

For K = 1, the results described in Egs. (3), (7) and (10) reduce as follows,
respectively,

W(n+1) = W(n) + pu(n)e(n)

E[O(n+1)] = (I -pR)E[ O (n)]
O<p<xz—

max
These results are recognized to be the same as those for the conventional LMS
algorithm for real-valued data.

We start with the equation
E[0(n+1)] = (1 -pR)E[ O (n)] 1)
where

g(n) = wy—w(n)

We note that
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- “‘]min

T2

for small .

(b) From the Lyapunov equation derived in Problem 5.10, we have

RKy(n) +Kg(mR=pJ i smal

minR’

where only the first term of the summation in the right-hand side of Eq. 8 in the
solution to Problem 5.10 is retained. Taking the trace of both sides of this equation,
and recognizing that

tr[RKy(n)] = tr[Ky(n)R]
wegetforn = oo
2tr[RK g()] =pJintrIR]

From Eq. (5.90) of the text,
J () = tr[RK o(n)] = %Jmintr[R]

Hence, the misadjustment is

o)
J

min

tr[R]

NI

5.13 Theerror correlation matrix K (n) equals

K(n) = E[O(nD " (n)]

The trace of K(n) equals

trK(n)] = te{E[ O ()0 "(n)

E(tr[ O ()0 " ()]}
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Since
tr[ O3 ()] = tr[0"(n) O(n)]
we may express the trace of K(n) as

tr[K(n)] = E{tr[ 0" (n) O(n) T}

tr{ E[ 0" (n) O (M1}

The inner product 0H(n)0(n) equals the squared norm of () which is a scalar. Hence

tr[K ()] = E[| O(n) ||

From convergence analysis of the LM S algorithm, we have

K(n+1) = (1 =pR)K (N)(I —R) + p°J, ;R

D)

(2)

Initialy, [|C(n)|| is so large that we may justifiably ignore the term uszinR, in which case

Eq. (2) may be approximated as

K(n+l) = (I —=pR)K(n)(I —uR), n small
Assuming that
R = ol

u

we may further reduce Eq. (3) to
2.2
K (n+1) = (1-poy) K (n)
Thus, in light of Eq. (1) we may write

El O(n+1) 13 =(Q—pod) ENNOM 7. nsmal

The convergenceratio is therefore approximately
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c(n)

_ Ell O(n+1) |7

E[l O(m)]?

2.2
= (1_U0u)
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