ELEG-636 Homework #2, Spring 2009

1. Let
2 -2
S
Express R as R = QQQ¥, where Q is diagonal.

Solution:

2—-X =2
-2 5-2A

’:)\2—7)\+6:0 = AM=6X=1
Than solving Rq; = \;q; gives q1 = %[1, —2]" and q2 = %[2, 1]7. Thus R = QQQY
where

6 0
Q = [a1,92] and Q= [O 1 ]
2. The two-dimensional covariance matrix can be expressed as:

C— O‘% pPo102 :|

2
pro1o9 lop

(a) Find the simplest expression for the eigenvalues of C.

(b) Specialize the results to the case 02 = 02 = o2.
p 2 2

(c) What are the eigenvectors in the special case (b) when p is real?

Solution:

(2)
a% — X poiog

N2 (2 2 Cn2Ye242
proioy 05 — A = A" = (01 +03)A + (1 = [p|")oioz = 0

(0} + 03) £ /ol 4 0F — 20703 + 4|p|>0303

= A=
2

(b) For 0% = 02 = 03

\ o 202 + \2/4p|204 (1 £ [p])o?
3. Let '
x[n] = Aelo"
where the complex amplitude A is a RV with random magnitude and phase
A= |Ale??.

Show that a sufficient condition for the random process to be stationary is that the amplitude and
phase are independent and that the phase is uniformly distributed over [—, 7].

Solution: First note E{x[n]} = E{A}e/*" and

E{A} = E{|A}E{e"*} =0
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by independence and uniform distribution of ¢. Thus it has a fixed mean. Next note
E{z[n]z*[n — k]} = E{| A}’
which is strictly a function of kK = WSS.

4. Let X, be i.i.d. RVs uniformly distributed on [0, 1] and define

20
Y = Z X;.
1=1

Utilize Tchebycheff’s inequality to determine a bound for Pr{8 < Y < 12}.

Solution: Note 1, = % and 02 = % Thus 7, = 10 and 03 = % = g Utilize Tchebycheff’s
inequality
oy\2 O 5 7
Pr{lY — > 2 <<—y) = — = Pri8<Y <12} 21— —=—
r{| myl > 2} < 2 12 r{ e 12 12

5. Let X ~ N(0,202) and Y ~ N(1,0?) be independent RVs. Also, define Z = XY. Find the
Bays estimate of X from observation Z:

(a) Using the squared error criteria.

(b) Using the absolute error criteria.

6. Let X and Y be independent RV characterized by fx (x) = ae™*U(x) and fy (y) = ae~ YU (y).
Also, define Z = XY. Find the Bays estimate of X from observation Z using the uniform cost
function.

Solution:

FZ|$(Z|:C) = Pr(zy < zlz) = Pr(y < z/z) = Fy(z/x) = fz|m(z|x) = éfy(z/a:)

i = argmax L (2]o) fo(e) = argmax —fy (/) fol2)

1 _
—arg max —ae~%*/Tae" U (z)U(2) = arg max a’z~ e G 1‘H”)U(:L")U(z)
x

=0=— a2x—26—a(zx*1+z) + (a2x—1€—a(zx*1+x))(_a(1 o Zx_Q))
0=—a't—al-—zz)=>a’+2-2=0
. —1++1+4az

= T = %a

7. Random processes z[n| and y[n] are defined by

vi[n] + 3va[n — 1]
y[n] = va[n + 1] + 3v[n — 1]

z[n]

where v1[n] and v3[n| are independent white noise processes, each with variance 0.5.
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(a) Determine the autocorrelation functions of x and y. Are the processes WSS?

(b) Determine the cross—correlation functions between = and y. Are the processes jointly WSS?

Solution:
(a)

Tzz(n,n — k) =E{(vi[n] + 3vz[n — 1])(vi[n — k] + 3va[n — 1 — k])*}
=0%6(k) + 90%5(k) = 56(k)

Tyy(n,n — k) =E{(va[n + 1] 4+ 3va[n — 1])(va[n + 1 — k] + 3va[n — 1 — k])*}
=025(k) + 9525 (k) + 30%6(k — 2) + 3025 (k + 2)
=50(k) +1.50(k +2) + 1.56(k — 2)

Thus z and y are WSS.
(b)

Tey(n,n — k) =E{(vi[n] + 3va[n — 1])(ve[n + 1 — k] 4+ 3va[n — 1 — k])*}
=9026(k) 4 3020(k — 2) = 50(k) + 1.56(k — 2)

ryz(n,n — k) =E{(va[n + 1] + 3vg[n — 1])(vi[n — k] + 3va[n — 1 — k])*}
=9025(k) + 300 (k + 2)
=50(k) + 1.50(k + 2)

Thus = and y are jointly WSS.

. A random process x(n) has correlation matrix

S O = o
SO =
=N OO
N = OO

(a) Determine the KLT basis functions.

(b) Determine the minimum mean square error achievable when using a single term approxima-
tion, e.g.,
Z(n) = c(n)a

(c) Determine the error when 2, 3 and 4 terms are used.
Solution:

(a) Eigenvalues of R:

M=1) =\ =3\ = 5.
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The corresponding eigenvectors:

a = 00—
@ = o500
a = 0.0
a = 5500

Hence, q4, q5, q3, q are the KLT basis functions.

(b)

When single item is used, the MSE is given by
_ H
emse = Ele(n)"e(n)]
4
= ) Ni—Ajj=1234
i=1
Choose the biggest eigenvalue, the minimum available MSE is 7.

(c) When 2 items are used, the minimum available MSE is 4. When 3 items are used, the
minimum available MSE is 1. When 4 items are used, the minimum available MSE is 0.

9. Let
v[n] = ajz[n] + azy(n]

where = and y are WSS processes. Show that the coherence satisfies

2
Suy@P

W)} = =B
Tl =58 @ =

where S (w), Sy(w), Szy(w) are PSD and cross—PSD functions. HINT: Write the output PSD
function using a matrix expression, S, (w) = a'’ Sa, and use known properties.

Solution: By definition and substitution

ro(k) = E{v(n)v*(n—k)}
= E{(ajz(n) + azy(n))(a1z*(n — k) + azy”(n — k))}
= arayrz(k) + ajagre (k) + arasry, . (—k) + azasry (k)
k)

= aayrz(k) + ajasryy (k) + arasry o (k) + agasry(k)
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This can be written in matrix form

_ * * T:C(k) Tx,y(k) ai — aH a *
’I"v(k) = [abaQ] Ty,x(k) ry(k‘) :| |: ag :| N R ( )

for

. . ’l“m(k‘) Tz, (k)
all = [a17a2] and R = |: Ty@(k) ryy(k) :|

Taking the Fourier transform of (x) gives,

sl 42 50 []-we

Note that S, (w) > 0 = af’Sa > 0. And since a; and ay are arbitrary, this holds for all a, which
is true if and only if |S| > 0. Thus

S >0 = Sa(w)Sy(w) = 8oy (W) Sya(w) = Sa(w)Sy(w) = [Sey(W)]* > 0= [N(w)| <1

10. Let {z[n]} be a process of i.i.d. RVs uniform on [—1,1]. The process is passed through a LTI

system with impulse response h[n] = (3)" U[n], yielding output y[n].

(a) Determine R, [l].
(b) Determine R,[l].

(c) Determine Sy (w)

Solution.

1

(a) Note Ryo[l] = 20[l] = Ryo[l] = Ruo[l]  h[n] = £ (3)" Uln).

_ 1 2 _ 1 1 1 _ 3
(b) H(z) = -1 = [H(w)]* = (l—%e—j“’) (l—%ej“’) T2%—cosw 7 Sy(w) - m
Inverse transform gives R, [].
11. (a) Determine the mean of the exponential density function f;(z) = ae”**U(x), and ex-
pressed the density in terms of the mean parameter y = E{z}.
(b) Given independence samples x1, x2, . . ., xy, determine the ML estimate of .

(c) Is the estimate unbiased?
(d) Is it consistent?
(e) What is the variance of the estimate? Is it a minimum variance estimate?

Solution.:

(a) - .
u= E[z] :/ e = =
0 «
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(b)

(©)

(d)

N
fxl,xz,-'~7x1\r(xlvx27"’ 71"N) = Hfl’z(x’b)
=1

dfwl,ﬂﬁz,"-,xz\r ($17$2> U 75UN) _

da

N
— aNe_aZi:I Ti

So, the maximum likelihood estimate of w is

So, the estimate is unbiased.
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The variance of the estimate is

var(iiy) = E[ii*] - B[

1 1 1
= 2ty e
_ 1
~ Na?
_w
=N

var(fiin) < var(fin—1)

Also, from (3), y/v is unbiased.
So, v is a consistent estimate.
©)

N
_ 2i=1%i

1
fx|u(X’M) = /7\/6 "

N )
ln[fxlu(X’M)] =—Nlnpy— Z:ZIUJle
s N2y

o N

<—E [aa; ln[fx,l(XIu)]D1 = l;\j = var (i)

N .
That is, the estimate jiy = # hits the Cramer-Rao Bound.
So, the unbiased estimate /i is a minimum variance estimate.

12. The joint density function of random variables x and y is given by

6r 0<z<1;0<y<1l—=z
Jay(,y) { 0 otherwise
(a) Determined and sketch the conditional density function f,(y[z).
(b) Determine the MAP estimate of y.
(c) Determine the MS estimate of y.
(d) Determine the MAE estimate of y.
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13. A two-dimensional vector x and a random variable y have the joint density

(y+3z1)z2 0< 21,20,y <1
J(x:y) { 0 otherwise

Assume that x represents the observation.

(a) Determine the MAP estimate of y.
(b) Determine the MS estimate of y.
(c) Determine the MAE estimate of y.

Solution:
(a)
1
LX) = [ fry(Xy)dy = B +3x1 w2, 0<um, 22<1
ny(va) y—l—3x1
= X) =— = , 0<x,y<1
fy|X(y| ) fx(X) % + 31, 1LY
= Yuar :argmgx fy|x(y‘x) =1
(b) .
. Y+ 321 249z
= E X = d ==
s = E{ylx} /0 y%+3xl Y= 3 T8y
© A )
YmAE Yy + 3331 1 y + g)MAE6x1 1
F — dy = =~ = MAE _ =
wix(¥) / T 3a, 77 2 1+ 62y 2
_ 2
Therefore, §,,,, = — i 362z1+12x1+2.

14. A random process z[n] is generated according to the difference equation
2[n] = pafn — 1] + nln]

where p is a constant and is a binary whitenoise sequence taking on values —1 and +1 with equal
probabilities.

(a) Generate and plot M = 50 samples of the random sequence for p = 0.95,0.70, and —0.95.
What differences do you observe in these three random sequences?

(b) Repeat the above with n[n] a white noise Gaussian sequence with unit variance.

(c) Let Rw [l] be the sample autocorrelation. Define the estimated correlation coefficient j as

S Rall

1 [0]

Compute p for each of the Gaussian noise driven sequences and for several sequence lengths.
How well does the estimated value compare with the theoretical value?

(d) Plot the estimated R, [l] and true R, [l] autocorrelation functions for 0 < [ < 1 for each of
the Gaussian noise driven sequences.

(e) What happens if |p| > 1?




