ELEG-636 Homework #2, Spring 2003

1. A signal with correlation function R,[l] = pll is applied to a linear shift-invariant system with
impulse response h[n] = d[n| — d[n — 1].

o Compute and plot the cross—correlation function Ry,[l].
e Compute and plot the output correlation function R,[l].

Answer:
Recall that

fIn] xé[n —no] = fln — no]
So,

Rylll = hll] % Rl
(0[n] — 0[n — 1]) * Ry[l]

d[n] * Ry[l] — d[n — 1] x R,[l]
= Rgl] — Ry[l — 1]

= pltl — pli=1i

Rl] = Al *hl—1] % Rl

R{l] * (6[—1] — 6[—1 — 1]) * Ry [l]

h[l] * (Rw[_l] - Rcc[_l - 1])

(6[n] — 0[n — 1]) * (Ry[~1] — Ry[-1 - 1])
_ch[_l - 1] + 2Rz[_l] - ch[_l + 1]

— il gl i

2. In a matched filter application the the SNR is given by

Hx T

wis*stw
SNR= ——+~———

wiR,w

which reduces to o
wis*s'w
NR= ————

SNR o?wHw

when R,, = ¢?1, yielding the solution w = ks*. Show that for colored noise (R,, # o2I) that using
the transformation
x' = Rgl/Qx

reduces the problem to the white noise case with solution w = kR ~'s*.
Answer:
Let the input to the system be
X=s+n

where x is the signal and x is the noise.
XI — R,;l/ZX

1



ELEG-636 Homework #2, Spring 2003

i3
X = R}]ﬂx'
Let
s = R}lﬂs'
and
n= R711/2n'
So
SNE — WH(Ri/QS,)*(R}/ZSI)TW
N wHRw
H
(( %/Q)TW) S,*S,T(S,)T(( 717,/2)Tw)
N wHRw

Since R is positive definite, according to Cholesky Decomposition method, there is a matrix A such
that
R =AA"
Up to now, we have not defined R}/ 2,
Now we define Ri/2 = A*, then

R = (RY?)"(RY/?)" = (RY)"(RY?)"

Thus,

—
—~~
S
©S
-
s’ﬂ
~—
B
/)]

/*S/T(S/)T ((R}Lﬂ)TW)

/2)*( ,11/2)TW

(RY7w) "5 )7 (R Tw)
(RH*w) " (®)7w)

SNR =

s

3
=
5 -

So, the SNR is maximized, when
(Ry/”)"w = k(s)"

or when
(R}L/Q)TW — k(R;1/2)*S*

w = k(R;1/2)T(R;1/2)*S*
kR s*
3. A random variable z has the uniform density

_J 1/a 0<z<a
folz) = { 0 otherwise
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o Determine the likelihood function fz, 7, ...zy: for N = 1 and N = 2 and sketch it. Find the
maximum likelihood estimate of the parameter a for these two cases.

e Determine the maximum likelihood estimate of the parameter « for arbitrary .

e Show that the maximum likelihood estimate for the parameter «a is a biased estimate for N = 1
and N = 2.

e Find the expected value of the maximum likelihood estimate of a for arbitrary NV and show that
the estimate is asymptotically unbiased.

Answer:
(1)ForN =1

fxl;a = fx(l'l)
_ 1/a 0<z1<a
- 0 otherwise

To maximize the likelihood function, a = z1.

(2) For N =2

le,:v2;a = fm(xl)fm(-TQ)
_ 1/a?> 0<z1<a
- 0 otherwise

To maximize the likelihood function, ¢ = max(z1, z3).
(3) The expectation of the RV a for N = 1 is,

Elai] = E[z1] = a/2

bias = Elai1] —a = —a/2 #0

Thus it is a biased estimate.
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For N = 2, let as = max(x1,x2),

Fo,(z) = Plmax(zi,z2) < z]
= Plz; <z,z9 < 7]
dF,,
furle) = 2D _ o0 (o)
Since
B 1/a 0<z<a
EC { 0  otherwise
So
0 <0
Fy(z) = z/a 0<z<a
1 T >a
Thus,

2
fur(@) = 2P(2) () — { B 0sv =

a2
Elas] :/0 a—fdac =2a/3

bias = Efag] —a = —a/3 #0
Thus, the estimate for N = 2 is better than that for N = 1.

(4) For arbitrary N, let ay = max(x1,x9,--+,ZN),
F.\y(z) = Plmax(zi,z2,  ,zn) < 7]
= Pz <z,29< 2,2y < 7]
= Fw(x)N
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fan () = P N )V 1)

Using F;(x) obtained before, we have

N—
N”ZN Lo <z<a
0 otherwise

o (#) = NI ¥ (2) = {

a NgN-1 N
Elan] 2/0 A

aN :N—l-la
. a
blas:E[aN]—a:—NJrl #0
Nli_l)TloobiaSZO

Thus, the estimate for arbitrary IV is asymptotically unbiased.

4. A random variable z is given by = = y + n where y is uniformly distributed over [—a, o] and 7 is
uniformly distributed over [—23, 8]. Assume |a| < |3

e Compute and sketch the density functions f,,, fzy, fz, @nd fy s

e The random variable z is observed. If 5 is considered noise, what is the mean square estimate of
y?
e What is the MAP estimate of y? Does a unique estimate exist?

Answer: (1)
foolm y-B<z<y+p
@ly 0 otherwise

fwy(xay) = fz\yfy(y)

o Yy-B<z<y+p, —-a<y<a
0  otherwise

Since y and 7 are assumed to be independent, so

fx(w) = fy(x)*fn(w)
= [ fe=p()

_ /wx+a 1 £ (3)d

o 2277
gz ta+f) —a-pf<z<a—-p
1
_ 28 a—fB<r<—a+pf
gz —a+f) —a+pf<zr<a+p
0 otherwise
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_ fz (ac,y)
)

5. A two-dimensional random vector x and a random variable y have the joint density function

Y +3X1)Xs 0< Xy, X0,V <1
- { 0 100 03

Assume that x represents the observation.
e Find the mean-square estimate of y.
e Find the MAP estimate of 3.

Answer:
20 = [ ey
1

= [+ 3z)audy
= 1‘2/2+3l‘11‘2

fyx(ylx) = %
yr3n
1/2 4 3z

So, the MSE estimate is
1
Bl = [ ylyx(ulxdy

. 1 y+ 3z d

- /() y1/2+31‘1 4
2+9£U1
3(1+6$1)

Juap = argmax f,x(y|x) = argmax Y3
MAP » y|x » 1/2 T 32,

6. A random process x[n] is generated according to the difference equation
a[n] = pz[n — 1] +7n[n]

where p is a constant and 7[n] is a binary white noise sequence taking on values —1 and +1 with equal
probabilities.
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e Generate and plot M = 50 samples of the random sequence for p = 0.95,0.70, and —0.95. What
differences do you observe in these three random sequences?

e Repeat the above with 7[n] a white noise Gaussian sequence with unit variance.

e Let R,[I] be the sample autocorrelation. Define the estimated correlation coefficient j as

. Ry[1]
P Ralo)

Compute p for each of the Gaussian noise driven sequences and for several sequence lengths.
How well does the estimated value compare with the theoretical value?

e Plot the estimated R,[/] and true R,[l] autocorrelation functions for 0 < [ < 1 for each of the
Gaussian noise driven sequences.

e What happens if |p| > 1?

7. Generate the KLT transform of an image. (You may select any 512 x 512 image or use one from the
/usa/images/ directory.) Plot the reconstruction MSE vs. the number of basis functions used in the 5 x 5
and 7 x 7 observation window cases. For the 5 x 5 case, also show each of the image approximations.

8. We want to generate samples of a Gaussian process with autocorrelation r,(1) = (3)! + (=3)¥
for all I. Find the difference equation that generates the process x(n) when excited by w(n)~ WGN(0,1)

Answer:
From the autocorrelation, we can see that z(n) has no dependence with z(n — 1) but does have a
dependence on z(n — 2). We can assume z(n) to have the following form

z(n) = azx(n —2) + bw(n)
Solving for a and b

r:(0) = a?E{z(n —2)?} + b’ E{w(n)?} + 2abE{z(n — 2)w(n)}
a’r;(0) + b

r(2) = aE{z(n—2)?} +bE{wn)z(n —2)w(n)}
= arz(0)

which results ina = X and b = 2.

Checking to see that z(n) has no dependence on z(n — 1)
rz(1) = E{z(n)z(n — 1) = ary(1) = 0}

So,

z(n) = ix(n —-2)+ %w(n)

9. Given the AR process x(n)=x(n-1)-0.5x(n-2)+w(n), complete the following tasks.
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Determine p,(1)

Using p,(0) and p, (1), compute {p; (1) %5 by the corresponding difference equation

Plot p. (1) and use the resulting graph to estimate its period

Compared the period obtained in part(c) with the value obtained using the PSD of the model
(Hinit: Use the frequency of the PSD peak.)

10. Consider an AR(2) process x(n) with dg=1, a1=-1.6454, a5=0.9025, and w(n)~WGN(0,1).

e Generate 100 samples of the process and use them to estimate the ACSp,(1), using the following
equation
Yasy z(n)z*(n—1)
Yo |z(n)?

e Plot and compare the estimated and theoretical ACS values for 0</<10

pll) =

e Use the estimated value of p, () and the Yule-Walker equations to estimate the parameters of
the model. Compare the estimated with the true values, and component on the accuracy of the
approach.

e Use the estimated parameters to compute the PSDs of the process
e Compute and compare the estimated with the true PACS.

11. Show that if R is the correlation matrix of the random vector X : [x,Xa,...,Xn] and R~1 is its
inverse, then E {XR~!X?} =n

Answer:
Note that X is a row vector. To avoid confusion, we define

Y =X'
So, we need to prove that
E{Y'RT'Y} =n
Recall that
_ "1,
R=Q0'Q" =3 ~aid!
i=1""

where \; and q; are the eigenvalues and the orthonormal eigenvectors of R..

E{YtR*X} = E{Yti)\%%qu}
=1
) /\iE {Y'aialY}

1 ]

~
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Since Y'q; isa 1 x 1 matrix, a number, we have

E{Y'R'X} = E{q/YY'q:}

bl

-
Il
—

aB{YY'}q

[l
>| =

-
Il
—
S

I
(]
>~
2
=
2

.
—

Sl

12. Random process vy [r] and vo[n] are independent and have the same correlation function
Rv[nl,no] == O5(5[TL1 - n()]
e What is the correlation function of the random process

z[n] = vi[n] + 2v1[n + 1] + 3va[n — 17

e |s this random process wide-sense stationary?
e Find the correlation matrix for a random vector consisting of eight consecutive samples of x[n]
Answer: (1)

Ry = E{z[nlz[n—k]}
= E{(vi[n] + 2vi[n + 1] + 3ve[n — 1])(vi[n — k] + 2v1[n — k + 1] + 3ve[n — k — 1])}
= T0[k] + 6[k + 1] + [k — 1] + 18E{v1[n]} E{v2[n]}

(2)
E{z[n]} = 3E{v1[n]} + 3E{vz[n]}

If we assume v;[n] and ve[n] are stationary, then E{x[n]} does not change with time.
Ry, is a function only of the time difference k.
So, z[n] is wide-sense stationary.

(3) Omitted.
13. Find an expression for the power spectral density of a continuous real random process with correla-
tion function

)

R; (1) = oge 0
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Answer:
© _lr
Szp(w) = / oye e 1¥Tdr
—0o0
0 T . O .
= 0925/ eToe_J‘”dT—l-Ui/ e e Idr
—o0 0
_ o} o3
- 1 . 1 .
o L
_ 279
14 (wm)?
14,
. . . . ae”* >0
X) = = .
e Determine the mean of the exponential density function f;(X) 0 otherwise

and express the density in terms of the mean parameter = E {z}

e Assume that you are given N independent samples z1, x2, ..., zy Of the random variable x. What
is the maximum likelihood estimate for the mean p?

e |s this estimate unbiased?
e |s it consistent?

e What is the variance of the estimate? Is this a minimum-variance estimate?

Answer:
1)
p= Elz] = /oo ae” dx = 1
0 o
)

N
fml,zz,---,zN(mla'TQa"'amN) = wal(mz)
=1

N
— aNe—a Zi:l T;

N
Wrrzrman (@102, 0N) _ yoN-1-FLa oV (L5 ) o Elia g
do !

i=1
i3
N
o=
Z£i1 Z;
So, the maximum likelihood estimate of y is
fi = Zf\;1 Zq
N
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®)

N Ei]\il Ly
e = p[ER]

Zf\il Elzi]

So, the estimate is unbiased.

(4)

EpR] =

I
2
T
™M=

IS
H
_|_
Ny
IS
=
5
8

+

The variance of the estimate is

Il
s
=
W

|
1S
=

N

var (i)

I
Qw| —_
_
_|_

var(in) < var(iin—1)

Also, from (3), ' is unbiased.
So, pv is a consistent estimate.

©)

1 _
Fxju(x|p) = M_Ne "

ln[fx|u(x|ﬂ)] =—Nhy—-=""—
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& N 2y
B In[fy . (x|p)] = 2 B

o? N
E [a—lﬂ ln[fx|u(x|u)]‘| )

1
9 —1
(—E [j—ug 1n[fx|u(X|u)]D -

N
That is, the estimate iy = E-szl i hits the Cramer-Rao Bound.

So, the unbiased estimate /i is a minimum variance estimate.

= var ()

2=

12



