
ELEG–636 Homework #2, Spring 2003

1. A signal with correlation function
����� ���	��

� ���

is applied to a linear shift-invariant system with
impulse response � � ��������� ��������� ������� .� Compute and plot the cross–correlation function

��� � � ���
.� Compute and plot the output correlation function

����� ���
.

Answer:
Recall that  � ����!"��� ���#�%$&���  � �'�#�%$&�

So, � � �(� ���)� � � ���(!*�+�(� ���� ,-��� ��������� �������/.0!"�1�(� ���� ��� ���(!"�1�(� ���(�2�3� ���4���(!5�1��� ���� �1�(� ���(���+�(� �������� 
 � ��� �6
 � �87:9;�
�1��� ���<� � � ���(! �:= ������!*� � � ���� � � ���(!+,-���>�?���
�����>�?�������/.0!*�+�(� ���� � � ���(!+,@�1���>�?���(�6�1�(�>�?�A�����/.� ,-�3� �����2�3� ���4���/.0!1,@�1�(�>�?���(�6�1���>�+�
�4���/.� �?�1�B�>�?�A������CEDF�1���>�?���(�6�1���>�+��C����� �G
 � 7��H7:9;� CEDI
 � 7���� �#
 � 7��KJ09;�

2. In a matched filter application the the SNR is given byLNM �O�QP'RGSUTVSVW%PP RGXZY P
which reduces to LNM �O� P R S T S W P[:\ P R P
when XZY � [ \^] , yielding the solution P �`_ SaT . Show that for colored noise ( XZY�b� [ \^] ) that using
the transformation c:d � X 7:9fe \Y c
reduces the problem to the white noise case with solution P ��_ X 7:9 S T .

Answer:
Let the input to the system be c � S Chg

where
c

is the signal and
c

is the noise. c:d � X 7:9fe \Y c
1
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ic � X 9fe \Y c d
Let S � X 9fe \Y S d

and gj� X 9fe \Y g d
So LkM � � P R , X 9fe \Y S d . T , X 9fe \Y S d . W PP R?X P� l , X 9fe \Y . WmPon R S d T S d W , S d . W l , X 9fe \Y . W%PonP R X P
Since X is positive definite, according to Cholesky Decomposition method, there is a matrix p such

that X � p'p R
Up to now, we have not defined X 9fe \Y .
Now we define X 9fe \Y �rq T , thenX �s, Xut ewvx . T , Xut ewvx . T R �s, X�t ewvx . T , X�t ewvx . W
Thus,

LkM � � l , X 9fe \Y . W P n R S d T S d W , S d . W l , X 9fe \Y . W P nP R , X t ewvx . T , X t ewvx . W P� l , X 9fe \Y . W P n R S d T S d W , S d . W l , X 9fe \Y . W P nl , X t ewvx .zy P n R l , X t ewvx . W P n
So, the SNR is maximized, when , X 9fe \Y . W P ��_:, S d . T

or when , X 9fe \Y . W P ��_:, X 7:9fe \Y . T S T
P � _:, X 7:9fe \Y . W , X 7:9fe \Y . T S T� _ X 7:9 S T

3. A random variable { has the uniform density ��, { .5�Q| �U}I~ ��� { ��~�
otherwise
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� Determine the likelihood function
 �F��� �U�;������� � �U�k� �

for
M �<�

and
M ��D

and sketch it. Find the
maximum likelihood estimate of the parameter

~
for these two cases.� Determine the maximum likelihood estimate of the parameter

~
for arbitrary

M
.� Show that the maximum likelihood estimate for the parameter

~
is a biased estimate for

M ���
and

M ��D
.� Find the expected value of the maximum likelihood estimate of

~
for arbitrary

M
and show that

the estimate is asymptotically unbiased.

Answer:
(1) For

M ���
 � � � � �  � , { 9 .� | �U}I~ ��� { 9 ��~�

otherwise

To maximize the likelihood function,
~�� { 9 .

1/a 

a x
1
 

(2) For
M ��D

 � � � � � � � �  � , { 9 .  � , {
\ .� | �U}I~ \ �	� { 9 �4~�
otherwise

To maximize the likelihood function,
~��r���I�%, { 9�� { \ . .

(3) The expectation of the RV
~

for
M �s�

is,�Z� ~ 9 �A�r�o� { 9 ���r~�}FD
bias

�r�o� ~ 9 ���#~����?~�}FD b�r�
Thus it is a biased estimate.
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1/a2 

a 
x

1
 

For
M ��D

, let
~ \ �r���I�%, { 9�� { \ . ,��� � , { .�� ��� ���I�:, { 9�� { \ ."� { �� ��� { 9 � { � { \ � { �� ��, { .z��, { . � � , { .5��� � � ��, { .� { ��DF��, { .  , { .

Since  � , { .�� | �U}I~ ��� { ��~�
otherwise

So �0��, { .��  ¡¢ ¡£
� {¥¤ �{ }I~ ��� { ��~� {u¦ ~

Thus,  � � , { .§��DF��, { .  , { .§� | D { }I~ \ ��� { ��~�
otherwise�o� ~ \ ����¨ �$ D {~ \ � { ��DF~�}F©

bias
�r�o� ~ \ ���#~����?~�}F© b�r�

Thus, the estimate for
M ��D

is better than that for
M ���

.

(4) For arbitrary
M

, let
~�ªr�«���I�m, { 9^� { \ �^¬^¬^¬a� { ª1. ,
���&�1, { .�� ��� ���I�%, { 9�� { \ �^¬^¬^¬�� { ª�."� { �� ��� { 9 � { � { \ � { �^¬^¬^¬U� { ª�� { �� �m�(, { . ª
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 �&�?, { .§��� �0���+, { .� { � M � �m�(, { .­� ª 7:9  , { .
Using

�m�(, { . obtained before, we have ���?, { .§� M � �m�(, { .­� ª 7:9  , { .k�Q| ª5� �%® �� � ��� { ��~�
otherwise

�Z� ~Bª¯�A��¨ �$ M { ª 7:9~ ª � { � MM Cr� ~
bias

���Z� ~Bª¯�(��~	��� ~M Cr� b�r�°H± �ª*²´³ bias
���

Thus, the estimate for arbitrary
M

is asymptotically unbiased.

4. A random variable { is given by { �sµ	Ch¶ where
µ

is uniformly distributed over
�>�?· � ·m� and

¶
is

uniformly distributed over
�>�?¸ � ¸�� . Assume ¹ · ¹�¤�¹ ¸ ¹ .� Compute and sketch the density functions

 � � � �  � � �  � � and
 � � � .� The random variable { is observed. If

¶
is considered noise, what is the mean square estimate ofµ

?� What is the MAP estimate of
µ

? Does a unique estimate exist?

Answer: (1)  � � � � | 9\�º µ»�6¸#� { �hµ´C¼¸�
otherwise � �3, { � µ�.��  � � �  �3,/µ(.� | 9½¿¾ º µ»��¸#� { �hµ�CE¸ � �?·2�hµo��·�

otherwise

Since
µ

and
¶

are assumed to be independent, so �B, { .��  � , { .0!  IÀ , { .� ¨ ³7 ³  ��, { ��Á3.  À ,-ÁÂ. � Á� ¨ � J ¾� 7 ¾ �DF·  IÀ ,-ÁÂ. � Á
�  ¡¡¡¢ ¡¡¡£

9½¿¾ º , { C¼·�C¼¸0. �?·Ã�6¸Ä� { ��·Ã�6¸9\�º ·u��¸#� { ���?·ÅC¼¸9½¿¾ º ,z� { �6·�C¼¸0.Æ�?·ÅC¼¸Ä� { ��·ÅC¼¸�
otherwise
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 � � � �  � � , { � µ�. ��, { .
5. A two-dimensional random vector

c
and a random variable

µ
have the joint density function IÇ � � ,@È �¿É .§�`| , É CE©IÊ 9 .fÊ \ �	�hÊ 9�� Ê \ �¿É �O��

else

Assume that
c

represents the observation.� Find the mean–square estimate of
µ

.� Find the MAP estimate of
µ

.

Answer:  IÇ , c .�� ¨ ³7 ³  IÇ � � , c � µ(. � µ� ¨ 9$ ,/µ´CE© { 9 . { \ � µ� { \ }FD+C¼© { 9 { \
 � � Ç ,/µ ¹ c .��  IÇ � � , c � µ(. IÇ , c .� µ´CE© { 9�U}FD?CE© { 9

So, the MSE estimate is �o� µ ¹ c �Ë� ¨ 9$ µ  � � Ç ,/µ ¹ c . � µ� ¨ 9$ µ µ�Ch© { 9�U}FD?CE© { 9 � µ� D+CEÌ { 9©�,��*CEÍ { 9 .
Îµ

MAP

�r�FÏ¿ÐÑ���I��  � � Ç ,/µ ¹ c .5�r�FÏ¿ÐÑ���I�� µ´CE© { 9�U}FD1CE© { 9 ���
6. A random process { � ��� is generated according to the difference equation{ � ���A�«
 { � �Å�����BC2¶:� ���
where



is a constant and

¶:� ���
is a binary white noise sequence taking on values

�Ò�
and

C	�
with equal

probabilities.
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� Generate and plot Ó ��ÔF�
samples of the random sequence for


��r�BÕÖÌ�Ô � �BÕK×I� , and
�?�BÕÖÌ�Ô

. What
differences do you observe in these three random sequences?� Repeat the above with

¶:� ���
a white noise Gaussian sequence with unit variance.� Let

Î�1��� ���
be the sample autocorrelation. Define the estimated correlation coefficient

Î

asÎ
	� Î� � �Ø���Î�1�(� �I�

Compute
Î


for each of the Gaussian noise driven sequences and for several sequence lengths.
How well does the estimated value compare with the theoretical value?� Plot the estimated

Î�1�(� ���
and true

�1�(� ���
autocorrelation functions for

�#�`���Ù�
for each of the

Gaussian noise driven sequences.� What happens if ¹ 
 ¹3¦ � ?
7. Generate the KLT transform of an image. (You may select any

ÔB��D�ÚuÔB��D
image or use one from the

/usa/images/ directory.) Plot the reconstruction MSE vs. the number of basis functions used in the
Ô�Ú�Ô

and
×ÛÚ¥×

observation window cases. For the
Ô	ÚÃÔ

case, also show each of the image approximations.

8. We want to generate samples of a Gaussian process with autocorrelation Ü ��,@�Ý.Û�Þ, 9\ .�� ���ÑCs,z� 9\ .�� ���
for all

�
. Find the difference equation that generates the process x(n) when excited by w(n) ß WGN(0,1)

Answer:
From the autocorrelation, we can see that { ,/�0. has no dependence with { ,/�¥�r�U. but does have a

dependence on { ,/�Å��DÑ. . We can assume { ,/�0. to have the following form{ ,/�0.§�r~ { ,/�Å��DÑ.%Chà;á	,/�0.
Solving for

~
and

à
Ü �B,@�Â.â� ~ \ ��ã { ,/�u��DÑ. \Iä C¼à \ ��ã�á	,/�0. \Fä CEDF~Bà���ã { ,/�u��DÑ.fáÛ,/�0. ä� ~ \ Ü � ,@�Â.%CEà \

Ü �(,-DÑ.�� ~3��ã { ,/����DÑ. \Iä CEà���ã�áÛ,/�0. { ,/����DÑ.fá	,/�0. ä� ~ Ü � ,@�Â.
which results in

~�� 9½ and
àG� 9­åæ .

Checking to see that { ,/�0. has no dependence on { ,/�Å���U.Ü �(,��U.§����ã { ,/�0. { ,/�����U.§��~ Ü �(,��U."�r� ä
So, { ,/�0.k� �ç { ,/�Å�2DÑ.%C ��Ôè á	,/�0.
9. Given the AR process x(n)=x(n-1)-0.5x(n-2)+w(n), complete the following tasks.

7
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� Determine

3��,��U.� Using


Â�(,@�Â.
and


Â�(,��U.
, compute

ã�
3�(,@�-. ä 9­å\ by the corresponding difference equation� Plot

3�(,@�Ý.

and use the resulting graph to estimate its period� Compared the period obtained in part(c) with the value obtained using the PSD of the model
(Hinit: Use the frequency of the PSD peak.)

10. Consider an AR(2) process x(n) with � $ =1,
~ 9 =-1.6454,

~ \ =0.9025, and w(n) ß WGN(0,1).� Generate 100 samples of the process and use them to estimate the ACS
Î
B��,@�-.

, using the following
equation Î
A,@�Ý.§��é ª 7:9Y�ê � { ,/�0. { T ,/�Å���-.é ª 7:9YFê $ ¹ { ,/�0. ¹ \� Plot and compare the estimated and theoretical ACS values for 0

�?�z�
10� Use the estimated value of


3��,@�Ý.
and the Yule-Walker equations to estimate the parameters of

the model. Compare the estimated with the true values, and component on the accuracy of the
approach.� Use the estimated parameters to compute the PSDs of the process� Compute and compare the estimated with the true PACS.

11. Show that if R is the correlation matrix of the random vector
Èâëì� c t � c v � Õ8Õ8Õ � c x � and

�Û7:9
is its

inverse, then
�«íIÈ'� 7:9 Èoî;ï1�«�

Answer:
Note that

È
is a row vector. To avoid confusion, we defineðñ�rÈ î

So, we need to prove that ��ò3ð î � 7:9 ð¼ó��«�
Recall that X ��ô�õ 7:9 ô R � Yö÷ ê 9 �ø ÷Vù

÷ ù î÷
where

ø ÷
and

ù ÷
are the eigenvalues and the orthonormal eigenvectors of X .

� ò ð î � 7:9 È ó � ��|mð î Yö÷ ê 9 �ø ÷Vù
÷ ù î÷ ð�ú

� Yö÷ ê 9 �ø ÷ �rò3ð î ù
÷ ù î÷ ðEó

8
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Since
ð î ù ÷

is a
�´Ú#�

matrix, a number, we have�rò3ð î � 7:9 È#ó � Yö÷ ê 9 �ø ÷ �«ò ù î
÷ ð'ð î ù ÷ ó

� Yö÷ ê 9 �ø ÷^ù î
÷ �rò3ð'ð î ó ù ÷

� Yö÷ ê 9 �ø ÷^ù î
÷ , X ù ÷ .� Yö÷ ê 9 �ø ÷ ù î
÷ ø ÷ ù ÷

� Yö÷ ê 9 ù î
÷ ù ÷� �

12. Random process û 9 � ��� and û \ � ��� are independent and have the same correlation functionX�ü � � 9�� �%$&�����BÕÖÔ��3� � 9 �6�%$;�� What is the correlation function of the random process{ � ���A� û 9 � ����ChD û 9 � �ZC�����CE© û \ � �Å�����/ý� Is this random process wide-sense stationary?� Find the correlation matrix for a random vector consisting of eight consecutive samples of x[n]

Answer: (1)��þ � ��ã { � ��� { � �Å�2_3� ä� ��ã3, û 9 � ����CED û 9 � �ZC����BCE© û \ � �Å�����/.V, û 9 � �Å��_3�BC¼D û 9 � �Å��_»Cr���BCE© û \ � �Å��_	�����/. ä� ×F����_3��CE����_ÒCr����CE�3��_������BCr� è ��ã û 9 � ��� ä ��ã û \ � ��� ä
(2) ��ã { � ��� ä ��©F��ã û 9 � ��� ä CE©F��ã û \ � ��� ä
If we assume û 9 � ��� and û \ � ��� are stationary, then

��ã { � ��� ä does not change with time.��þ
is a function only of the time difference

_
.

So, { � ��� is wide-sense stationary.

(3) Omitted.
13. Find an expression for the power spectral density of a continuous real random process with correla-
tion function ��ÿ��� ,���.§� [ \��� 7�� �	���
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Answer: L � ,
�*.�� ¨ ³7 ³ [ \��� 7 � �	���
 � 7������ � �� [ \� ¨ $7 ³ � ���
 � 7������ � �ÒC [ \� ¨ ³$ � 7 ���
 � 7������ � �� [ \�9� 
 ����� C [ \�9� 
 C����� D��^$�"C�,
��� $ . \
14. � Determine the mean of the exponential density function

 �B,/ÊÄ.5� | · � 7 ¾ � {�� �� ��� � � Ü á! #" �
and express the density in terms of the mean parameter $ ���hã { ä� Assume that you are given N independent samples { 9V� { \ � Õ8Õ8Õ � { ª of the random variable x. What
is the maximum likelihood estimate for the mean $ ?� Is this estimate unbiased?� Is it consistent?� What is the variance of the estimate? Is this a minimum-variance estimate?

Answer:
(1) $ �r�Z� { ����¨ ³$ · � 7 ¾ � � { � �·
(2)  �F��� �U�¿������� � �U�G, { 9�� { \ �^¬^¬^¬U� { ª+.�� ª%÷ ê 9  �'&�, { ÷ .� · ª � 7 ¾ é �&)( � �'&

�  � � � � � ������� � � �?, { 9 � {
\ �^¬^¬^¬U� { ª .� · � M · ª 7:9 � 7 é �&*( � ¾ C2· ª,+ � ªö÷ ê 9 {
÷�- � 7 é �&)( � ¾ �r�i·#� Mé ª÷ ê 9 { ÷

So, the maximum likelihood estimate of $ is Î$ � é ª÷ ê 9 { ÷M
10
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(3) �Z�zÎ$ �)� �/. é ª÷ ê 9 { ÷M 0� é ª÷ ê 9 �o� { ÷ �M� é ª÷ ê 9 $M� $
So, the estimate is unbiased.
(4) �Z�fÎ$ \ ª �)� �213 + �M ªö ÷ ê 9 {

÷ -546 �M ªö� ê 9 { �	78:9;� �M \ 46 ªö ÷ ê 9 �Z� { \÷ ��C ö ÷=<ê � �Z� { ÷ ���Z� { � � 78� �M \ + ªö÷ ê 9 D· \ C M , M ���U. �· \ -� �· \ ,��"C �M .
The variance of the estimate is û ~ Ü ,aÎ$ ª+.�� �Z�fÎ$ \ ���6�o�fÎ$ � \� �· \ ,��"C �M .�� �· \� �M · \� $ \M

û ~ Ü ,aÎ$ ª1. ¤�û ~ Ü ,IÎ$ ª 7:9 .
Also, from (3),

Î$ ª is unbiased.
So,

Î$ ª is a consistent estimate.
(5)  Ç � > , c ¹ $ .§� �$ ª � 7 é

�&)( �@? &A
°CB �  Ç � > , c ¹ $ .­�:��� M °DB $ � é ª÷ ê 9 { ÷$

11
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E \E $ \ °DB �  Ç � > , c ¹ $ .­�:� M$ \ � D é ª
÷ ê 9 { ÷$GF

�H. E \E $ \ °DB �  Ç � > , c ¹ $ .­� 0 ��� M$ \
+ �?�H. E \E $ \ °CB �  Ç � > , c ¹ $ .­� 0 - 7:9 �5$ \M � û ~ Ü ,aÎ$ ª .

That is, the estimate
Î$ ª � é �&*( � �'&ª hits the Cramer-Rao Bound.

So, the unbiased estimate
Î$ ª is a minimum variance estimate.
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