
ELEG–636 Homework #2, Spring 2003

1. A signal with correlation functionRx[l] = �jlj is applied to a linear shift-invariant system with
impulse responseh[n] = Æ[n]� Æ[n� 1].

� Compute and plot the cross–correlation functionRyx[l].

� Compute and plot the output correlation functionRy[l].

2. In a matched filter application the the SNR is given by

SNR =
w

H
s
�
s
T
w

wHRnw

which reduces to

SNR =
w

H
s
�
s
T
w

�2wHw

whenRn = �2I, yielding the solutionw = ks�. Show that for colored noise (Rn 6= �2I) that using
the transformation

x
0 = R

�1=2
n x

reduces the problem to the white noise case with solutionw = kR�1
s
�.

3. A random variablex has the uniform density

fx(X) =

(
1=a 0 � X � a
1 otherwise

� Determine the likelihood function forN = 1 andN = 2 and sketch it. Find the maximum
likelihood estimate of the parametera for these two cases.

� Determine the maximum likelihood estimate of the parametera for arbitraryN .

� Show that the maximum likelihood estimate for the parametera is a biased estimate forN = 1
andN = 2.

� Find the expected value of the maximum likelihood estimate ofa for arbitraryN and show that
the estimate is asymptotically unbiased.

4. A random variablex is given byx = y + � wherey is uniformly distributed over[��; �] and� is
uniformly distributed over[��; �]. Assumej�j < j�j.

� Compute and sketch the density functionsfxjy; fxy; fx; andfyjx.

� The random variablex is observed. If� is considered noise, what is the mean square estimate of
y?

� What is the MAP estimate ofy? Does a unique estimate exist?

5. A two-dimensional random vectorx and a random variabley have the joint density function

fx;y(X; Y ) =

(
(Y + 3X1)X2 0 � X1;X2; Y � 1

0 else

Assume thatx represents the observation.
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� Find the mean–square estimate ofy.

� Find the MAP estimate ofy.

6. A random processx[n] is generated according to the difference equation

x[n] = �x[n� 1] + �[n]

where� is a constant and�[n] is a binary white noise sequence taking on values�1 and+1 with equal
probabilities.

� Generate and plotM = 50 samples of the random sequence for� = 0:95; 0:70, and�0:95. What
differences do you observe in these three random sequences?

� Repeat the above with�[n] a white noise Gaussian sequence with unit variance.

� Let R̂x[l] be the sample autocorrelation. Define the estimated correlation coefficient�̂ as

�̂ =
R̂x[1]

R̂x[0]

Compute�̂ for each of the Gaussian noise driven sequences and for several sequence lengths.
How well does the estimated value compare with the theoretical value?

� Plot the estimated̂Rx[l] and trueRx[l] autocorrelation functions for0 � l � 1 for each of the
Gaussian noise driven sequences.

� What happens ifj�j > 1?

7. Generate the KLT transform of an image. (You may select any512� 512 image or use one from the
/usa/images/ directory.) Plot the reconstruction MSE vs. the number of basis functions used in the5� 5
and7� 7 observation window cases. For the5� 5 case, also show each of the image approximations.

8. We want to generate samples of a Guassian process with autocorrelationrx(l) = (1
2
)jlj + (�1

2
)jlj

for all l. Find the difference equation that generates the process x(n) when excited by w(n)� WGN(0,1)

9. Given the AR process x(n)=x(n-1)-0.5x(n-2)+w(n), complete the following tasks.

� Determine�x(1)

� Using�x(0) and�x(1), computef�x(l)g
15

2
by the corresponding difference equation

� Plot�x(l) and use the resulting graph to estimate its period

� Compared the period obtained in part(c) with the value obtained using the PSD of the model
(Hinit: Use the frequency of the PSD peak.)

10. Consider an AR(2) process x(n) withd0=1,a1=-1.6454,a2=0.9025, and w(n)�WGN(0,1).

� Generate 100 samples of the process and use them to estimate the ACS�̂x(l), using the following
equation

�̂(l) =

PN�1
n=l x(n)x�(n� l)PN�1

n=0 jx(n)j
2
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� Plot and compare the estimated and theretical ACS values for 0�l�10

� Use the estimated value of�x(l) and the Yule-Walker equations to estimate the parameters of
the model. Compare the estimated with the true values, and component on the accuracy of the
approach.

� Use the estimated parameters to compute the PSDs of the process

� Compute and compare the estimated with the true PACS.

11. Show that if R is the correlation matrix of the random vectorX : [x1;x2; :::;xn] andR�1 is its
inverse, thenE

�
XR�1

X
t
	
= n

12. Random processv1[n] andv2[n] are independent and have the same correlation function

Rv[n1; n0] = 0:5Æ[n1 � n0]

� What is the correlation function of the random process

x[n] = v1[n] + 2v1[n+ 1] + 3v2[n� 1]?

� Is this random process wide-sense stationary?

� Find the correlation matrix for a random vector consisting of eight consecutive samples of x[n]

13. Find an expression for the power spectral density of a continuous real random process with correla-
tion function

Rc
xc(�) = �2xe

�
j� j
�0

14.

� Determine the mean of the exponential density functionfx(X) =

(
�e��x x�0
0 otherwise

and express the density in terms of the mean parameter� = E fxg

� Assume that you are given N independent samplesx1; x2; :::; xN of the random variable x. What
is the maximum likelihood estimate for the mean�?

� Is this estimate unbiased?

� Is it consistent?

� What is the variance of the estimate? Is this a minimum-variance estimate?
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