ELEG-636 Homework #1, Spring 2009

1. A token is placed at the origin on a piece of graph paper. A coin biased to heads is given, P(H) =
2/3. If the result of a toss is heads, the token is moved one unit to the right, and if it is a tail the
token is moved one unit to the left. Repeating this 1200 times, what is a probability that the token
is on a unit IV, where 350 < N < 4507 Simulate the system and plot the histogram using 10,000
realizations.

Solution:
Let 2z = # of heads. Then 350 < z — (1200 — ) < 450 = 775 < x < 825 and

825 i 1200—7
2 1
prme s =3 () (5) ()

i=T75
which can be approximated using the DeMoivre—Laplace approximation
i ) )
] G L e R -
i\ np(l—p) np(l—p)
where ®(z) = [ Le="/2dy

2. Random variable X is characterized by cdf Fx(z) = (1 — e *)U(x) and event C is defined by
C ={0.5 < X < 1}. Determine and plot Fx (z|C) and fx (z|C).

Solution: Evaluating Pr(X < z,0.5 < X < 1) for the allowable three cases

x<0.5 Pr(X <z,05< X <1)=0
05<z<1 Pr(X<z,05<X<1)=Fx(z)— Fx(05) =% —¢*
x>1 Pr(X <z,05 < X <1)=Fx(1) — Fx(0.5) = e %5 — 7! = 0.2386

Also, Pr(C) = Fx(1) — Fx(0.5) = e %% — ¢! = 0.2386. Thus

0 < 0.5
Pr(X <z,05<X <1)

o) - <, =) ) (6705 _ ) /0.2386 0.5 < <1

Fx(z]C) Pr(05<X <1) 56 < _i;l

3. Prove that the characteristic function for the univariate Gaussian distribution, N (n, 02), is

o) = exp (s - “’22"2>

Next determine the moment generating function and determine the first four moments.
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Solution:
o(w) = exp { } eI dx
V2ro
{ x? —217x—l—77 — 2jwro )}
= exp 2 dx
2mo
(o= e+ jur) (=P + (1 + jwo™)?
= exp exp dx
2ro 202
o o] 1 _ . 2\2
_exp{( n°+ (0 -gywan) }/ eXp{(ﬂf (nxtjw) }dw
20 —oo V2O 20
(=" + (11* + jwon)?
= exp
202

which reduces to ¢(w) = exp ( > The moment generating function is simple

2 2
O (s) = exp (sn + S;)

and my, = 2 which yields
mp =7 me = o? + 772
ms = 3no® +n° my = 30* + 607 +

. LetY = X2, Determine fy (y) for:
@ fx(z) = 0.5exp{—|al}
(b) fx(z) = exp{—|z[}U(X)
Solution: Y = X? = X = +,/yand dY/dX = 2X. Thus

x x
ot = 282 fxt)
R | foe_ gy
Substituting and simplifying
Fx(a) = 0.5 exp{ e} = fr(y) = e V()
2/
1
x) = expi{—|z| U (x = = e VU
fx(z) = exp{—|z|}U(x) fy () NG ()
. Given the joint pdf fxy (z,y)
_f 8xy, O<y<1l,0<z<y
Fxv(@,y) = { 0, otherwise

Determine (a) f.(z), (b) fy(y), (¢) fy (y|x), and (d) E[Y |x].

Solution:
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3
@ fx(z)= [ fxy(z,y)dy = [} Szydy = { gx —drt O<w <l

otherwise
- 42 0<y<1
_ _ 1y _
) fr(y) = J7 fxv (@, y)de = [ 8yde = { 0 otherwise

2y
_ixvey ) o r<y<l
© fr(yle) = 255 { 0 theraise

@ BlYla] = [ ufy(lo)dy = [} 2ady = 3 (125) = 3 (H52)
6. Let W and Z be RVs defined by
W=X"+Y> ad Z=X?
where X and Y are independent; X,Y ~ N(0,1).

(a) Determine the joint pdf fiyz(w, 2).
(b) Are W and Z independent?

Solution: Given the system of equations

w oz \ | 2x 2y |
J(x y>_‘2m 0 '—4]a:y|
Note we must have w, z > 0 and w > z. Thus the inverse system (roots) are

x =42z, Yy =tVvw—z.

Thus
_ fxv(z,y)
fWZ(waZ)—W r=+z (*)
y==+tyw—2z
Note also that, since X,Y ~ N(0, 1),
I
fxv(ey)=5-e 2 (x%)

2

Substituting () into () [which has four terms] and simplifying yields

ew/Q
e et

Note W and Z are not independent. Counter example proof: Suppose W and Z are independent.
Then fy (w)fz(z) > 0 for all w,z > 0. But this violates (x * ), as fyyz(w, z) > 0 only for
w > z.

U(w — 2)U(z) (x * *)



