ELEG-636 Homework #1, Spring 2008

1. Let f,(t) be symmetric about 0. Prove that y is the expected value of a sam-
ple distributed according to f,_,(t).

Solution.
Since f,(t) is symmetric about 0, f,(¢) is even.

+o0o
Bla—w) = [ thouvd
+oo
= [oo tfz(t _:u>dt
Letu =1t — u,
+oo
Bla—w) = [ utnuflwdu
= [ Tuptdes [ pnoa
0o H/—/
odd
+0o0
= 0+p B fx(u)du

=

2. The complimentary cumulative distribution function is defined as Q. (x) =
1 — F,(z), or more explicitly in the zero mean, unit variance Gaussian dis-
tribution case as

o 1 1
Qx(z) = . exp (—t ) dt.
Show that
Qu(z) ~ ;exp (_1332)
¢ 2nx 2

Hint: use integration by parts on Q,(z) = [,° \/ﬂtt exp ( ) dt. Also
explain why the approximation improves z as increases.

Solution.
Recall integration by parts: [ f(t)g'(t)dt = f(t)g(t)2 — [ f'(t)g(t)dt

Let ¢'(t) = texp ( 1t2) and f(t) \/;fm

Qe(z) = /:O texp < > dt

M\H
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- R ( 1t2) dt
T T v2ﬂ12 P

—0 as x—oo

()

%

e (-3)
——exp| —=2x
2T P 2

; c© 1 1,2 . .
Since [ Tam OXP (—gt ) dt goes to zero as x goes to infinity, the ap-
proximation improves x as increase.

3. The probability density function for a two dimensional random vector is de-
fined by

f (X) . A.I‘%Z‘Q r1,22 > 0andx; + 29 <1
XA 0 otherwise

(a) Determine Fy(x) and the value of A.
(b) Determine the marginal density f,(x).
(c) Are f,,(x) and f,,(x) independent? Show why or why not.

Solution.
(a)
1—x1
Fm,m(oo OO) = /O /0 Ax%xgdxgdafl
1 22
= [ At
= /"14 2 d$1

= 5/0 (z] — 295:13 + 23)dx;

60
= 1 (1)

Therefore, A = 60. Defining Fy, 4, (u,v) = Pr(z; < u,z2 < v), we have

e x1 <0 or x9 <0, then F(z1,z9) =0.
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x1,x2 > 0 and x1 + 22 < 1, then

Tl 2
F(z1,z2) = / / 60u?vdvdu
o Jo
= 10z323
e 0<x1,2z0 <1 and x1 + a9 > 1, then

1—z2o 1—u 1 1—u
F(z1,22) = 1—/ / 60u2vdvdu—/ / 60u*vdvdu
0 x x1 JO

2

= 1022 — 2023 + 1525 — 425 + 1023 — 1527 + 625 — 1

0<x; <1 and z9 > 1, then

1 rl-u
F(r1,z2) = 1—//0 60u*vdvdu
1

= 10z3 — 1527 + 625

0<x9<1 and z1 > 1, then

1—xo 1—u
F(xy,29) = 1 —/0 / 60uvdvdu
T2
= 1022 — 2023 + 1525 — 425

e 1,12 > 1, then F(%l,xg) =1.

So

0 1 <0orxzy <0

105[?‘%&7% r1,292 > 0,21 +22 <1
Flay,z9) = 1023 — 2023 + 1525 — 423 + 1023 — 1521 + 627 —1 0 < a1,29 < 1,21 + 29 > 1

’ 1023 — 1521 + 627 0<x <1l,my3>1

1023 — 2023 + 1525 — 423 0<zy<1,m7>1

1 L1, X2 >1
(b)

1—xo 9
fay(z2) = /0 60x{zodry

= 201‘2(1 - 562)3



ELEG-636 Homework #1, Spring 2008

(c) Since

1—x1
foy (1) = / GOQS%I‘QCZ:L’Q
0
= 3022(1 — x1)?

s for a0 (1, 22) # for (21) fzo (22). Therefore, fy, (21) and fy, (x2) are NOT
independent.

. Consider the two independent marginal distributions

1 0<z;<1
0 otherwise

fm(x):{
2 0<29<1

Jar (@) :{ 0 otherwise

Let A be the event 21 < x9.

(a) Find and sketch fx(x).
(b) Determine Pr{A}.

(c) Determine fy|4(x|A). Are the components independent, i.e., are f,,|4(x|A)
and f,, 4(x|A) independent?

Solution.
(a) Since two marginal distributions are independent,

fx(X) = fay (1) fap (22)

_ 229 0<@y,22 <1
o 0  otherwise

(b)

1 1—x2
Pr(A) = /0/0 2xodxdzs

1
= / 2x3dxy
0

3
21'2‘1

= = @)
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(©

Ixja(X14) =

foija(@1|A) =

fo|A<x2‘A)

o)

(X
Pr(A)
{ 3ra 0< 1 <z22<1

~—

0  otherwise

3xodxs
1
3z3 1
2 n
2
3L —) L 0<z <1
2
T2
= 23:de1

0
= 23 0<ay<1

Ix1a(X]A) # fo,1a(@1|A) fry)a(w2]| A). Therefore, f,))a(21]|A) and fo, 4 (z2]A)
are NOT independent.

. The entropy H for a random vector is defined as —FE{In fx(x)}. Show that
for the complex Gaussian case

H=N(1+1In7n)+In|C,|.

Determine the corresponding expression when the vector is real.

Solution.

The complex Gaussian p.d.f. is

Then,

R0 =2viey

1

—E{In fx(x)}

exp|—(x — mx) TC! (x — mx)]

E[(x — my)TC (x — my)] + Nlnm 4 In |Cy|
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Note
E[(x —my)TCl(x —my)] = Eltrace((x — my)T CH(x — my))]
= trace(C 1 E[(x — mx)(x — mx)T])
= trace(C;'Cy)
= trace(I) =N
Therefore

H = N+ Nlnrw+In|Cy|
= N(1+Inm)+In|Cy|

Similarly, when the vector is real

1 1
H = §N(1+ln(27r))+§ln|Cx|
. Let
r = 3u—4v
= 2u+tv

where u and v are unit mean, unit variance, uncorrelated Gaussian random
variables.

(a) Determine the means and variances of x and y.

(b) Determine the joint density of x and y.

(c) Determine the conditional density of y given x.

Solution.

(a)

E(z) = E3u—4v)
= 3E(u) — 4E(v)
= 3-4

E(y) = EQu+v)
= 2E(u)+ E(v)
= 2+1



ELEG-636 Homework #1, Spring 2008

02 = E(2?) — E*(x)
E[(3u — 4v)}] -1

= 25
o, E(y*) — E*(y)
= El2u+v)? -9
=5
(b) Note
| |3 —4 U
y | |2 1 v
| S —
A
Thus
1 1 4
A _1[—2 3]
and
_ Jup(AT [z, y]")
f:v,y(x>y) - abs ’A’
1
= ﬁfum((x+4y)/117(_2x+3y)/11)
L Leaddy L, 2043y
= el - 1 ()
(c) Note x is Gaussian
B 1 _ 1 9
fila) = <= exp (gl + 1)
Thus
o f:r:,y(xay)
2 5 1 + 4 —2x+3 1
- \/?mjeXp(_2Kx11y_l)2+(x11y_ )2]+2x25(x+1)2)
5 /2 loxt+dy o 2043y o, 1 9
= e (5l -1 (R 1 )
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7. Consider the orthogonal transformation of the correlated zero mean random
variables x1 and x9

yi | cos@ sind T

ya | | —sinf cosf 9
Note E{z?} = o}, E{23} = 03, and E{x129} = poj0s. Determine the
angle 6 such that y; and y, are uncorrelated.

Solution.

y1. = x1c0860 + xo8inh

Yo = —x1sinf + xocosb
E(y1y2) = E[(z1cos0+ xosinf)(—z1sinf + xa cos )]

= sinfcosOFE[z3] + (cos? § — sin? §) E[z125] — sin f cos O E[z3]

= sinfcosf(o3 — 0?) + (cos® 0 — sin? ) poy oy

(03 — of)

= sin20- + cos 20 - poiog

If 1 and yy are uncorrelated, F(y1y2) = 0. For —7/2 < 6§ < 7/2,

1 2poi0
f = — arctan 5122
2 05 — 07

8. The covariance matrix and mean vector for a real Gaussian density are

1 05
Cx[O.E) 11

=

(a) Determine the eigenvalues and eigenvectors.

(b) Generate a mesh plot of the distribution using MATLAB.

and

(c) Change the off-diagonal values to —0.5 and repeat (a) and (b).
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Solution.

(a) Solve |Cx — AMI| = 0.
(1-X)?-025=(A—05)(A\—1.5)=0

Hence, eigenvalues are 0.5 and 1.5. For A = 0.5, the corresponding eigen-
vector is [1, —1]7. For A = 1.5, the corresponding eigenvector is [1, 1]

(c) Eigenvalues are 0.5 and 1.5. For A = 0.5, the corresponding eigenvector
is [1,1]7. For A = 1.5, the corresponding eigenvector is [1, —1]7.

. Let {z(n)}_, be i.i.d. zero mean, unit variance uniformly distributed ran-
dom variables and set

K
yx(n) = Z xr(n).
k=1

(a) Determine and plot the pdf of yx (n) for K = 2,3, 4.
(b) Compare the pdf’s to the Gaussian density.

(c) Perform the comparison experimentally using MATLAB. That is, gen-
erate K sequences of n = 1,2,..., N uniformly distributed samples.
Add the sequences and plot the resulting distribution (histogram). Fit
the results to a Gaussian distribution for various K and N.

Solution.

(a) {wx(n)} | are i.i.d. zero mean, unit variance uniformly distributed ran-
dom variables.

| 1/2a xy € [—a,q]
for (@) = { 0 otherwise

Since E[z7] = 1,

1 a
Elx}] = %/_ xida

.’,12'3

6a

a

—a
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=a=+3
That is ) /3
—= €|1—v3,v3
ka(xk) _ 23 Tk [ \f ]
0 otherwise

For K=2, y2(n) = z1(n) + z2(n).

fy2($) = fxl (x) * fxz(z)

Btas  —2V3<z<o0
_ 1
= 15+ 53 0<z<2V3
0 otherwise

For K=3, y3(n) = z1(n) + 2(n) + x3(n) = y2(n) + 23(n).

fys(‘r) = ny(x)*fxs(x)
(@3V3)? 3 /3< 4 < —\/3

5 482\/5
—T
_ (8\/5\[)2 —\/§§l‘<\/§
x—3vV3
o V3<z<3V3
0 otherwise

10



