
ELEG–636 Homework #1, Spring 2003
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Answer: 
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2. Express the density


Y�
��X��
of the RV

�Z�\[*���]�
in terms of


�����$%�
if (a)

[^��$*�_�`� $��
; (b)

[^��$*�_�a J �@b ��$%� .
Answer:
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� h i X_7 iH�k K B C � G JLK B C J � GmlH � X_j i� h i X_7 iH K BDC � GH �  H K BTC J � GH � X_j i� hni Xd7 i
�����X��o:p
��
�  X��QXdj i
(b) " �@��X��`� 56���)e�X��� 56�f[^���]�(e�X��� 56� a J�q b ���]�re�X��� h i X_7 i56� a J�q e�X��VX_j i� hni X_7 i56����j  U.W ��X����sX_j i� hni X_7 i�( #" ���  USW ��X����sX_j i
�����X��`� " �@��X��X� h i Xd7 iH�k I�JLK BTC Jrtvu C � GfGmlH � Xdj i� h i Xd7 iA B C Jgtvu C � G.G� Xdj i

3. The RVs
�

and
�

are independent with exponential densities
��
��$%���xw a JLy �
b ��$*�>=z
��@��X����x� a J�{ �3b ��X��
Find the densities of the following RVs: | �_:�� ;

q}
Answer: (1) Let ~ ���':��

and
�������
��g������� �� 
���� � � ��� w � a J�� � � b �����

Since
�

and
X

are independent, we have
Y�/���<��� 
 � ���<�]�8
 � ���<�� � RJ R 
������  ����
��8�����213�� � �� � a J�{ C � J � G w � a J�� � � 13�� w���Y�  w � a J ����  a J�{ � � b �����
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(2) " � ���<��� 5d� ~ e������x56����e��/���� � RJ R 56����e��Y�8� �0��X���
�����X��213X� � RJ R � � �J R 
 � ��$*�213$*
 � 1<X� � R� � � �� w a JLy � 1<$�� a J�{ � 13X� ��� R� � a J�{ �  a J C y �z� { G X��213X� �! �w���:;�
Y�/���<�	� 1 " � �����1@� � w]���w���:��]�2� b ���<�
4. The RVs

�
and

�
are � � i
��� � and independent. Show that, if ~ �Z� �  �r� , then� � ~
¡ ��� �o¢<£ ¤ = �¥� ~ � ¡ ��� � �Y¦

Answer:
Let ~ �§� �0�

, and
�Q���  � . Since

�
and

�
are Gaussian, so

�
is also Gaussian. We can find
��g�����

by finding the mean and variance of
�

.� & �6+¨� � & �  �%+� � & �*+  � & �%+� i
� �© � � & ~ � +� � &ª���  ��� � +� � & � � +@: � & � � +  � � & �*+ � & �%+� � � �

So, 
��r�����	� �£ � ¤ � � � a J¬« �­�® �
Thus, � & ~ +¨� � RJ R � ��� 
 � �����213�� ��� R� � �£ � ¤ � � � a J¯« �­�® � 13�� � �£ ¤
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5. Use the moment generating function, show that the linear transformation of a Gaussian random vector
is also Gaussian.

Proof:
Let

�
be a °�±�� real random Gaussian vector, then the density function is
����]��� ���� ¤ �O²/³ � �µ´ q � I ³ � a J(¶� C q�J�·¹¸ GSº�» ¸3¼ ¶ C q<J�·¹¸ G

Let ½ be a °�±�� real vector, then the moment generating function of
�

is¾���� ½ �`� � & a�¿ º q +� � a ¿ º q ���� ¤ � ²Y³ �@�µ´ q � I ³ � a J ¶� C q�J�· ¸ G º » ¸ ¼ ¶ C q<J�· ¸ G 1<�� a ·!¸ º ¿ � ¶� ¿ º�» ¸ ¿
Let À be a linear transform of

� �0� À �
Then Á � � À ´ q À6Â
The moment generating function of

�
is¾ � � ½ ��� � & a ¿ º } +� � & a ¿ º
Ã q +� � & a C Ã�º ¿ G º q +

Using the moment generating function of
�

, we have¾���� ½ ��� a · ¸ º C Ã�º ¿ G � ¶� C Ã�º ¿ G º » ¸ C Ã�º ¿ G� a ·¹Ä º ¿ � ¶� ¿ º�» Ä ¿
which has the same form of

¾���� ½ � .
So,

�
is also Gaussian.

6. Let
� $ - � ° � ¡�Å-ÇÆ I be four IID random variables with exponential distribution with

w
= 1.X - � ° �	� -È É Æ I $ É � ° �>= � e��_e�Ê

(a) Determine and plot the pdf of
X � � ° �

(b) Determine and plot the pdf of
X�ËY� ° �

(c) Determine and plot the pdf of
X Å � ° �

(d) Compare the pdf of
X Å � ° � with that of the Gaussian density.
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Answer: Let 
��
��$%��� a J � b ��$*�
The characteristic function of


 � ��$%�
is Ì ���fÍr��� ��( ÏÎ Í

Since
$ I � ° �>=�Ð�Ð�ÐT=�$ - � ° � are i.i.d.,
 �zÑ C ² G ��X�����
 � ��X��]�!Ð�Ð�Ð/�r
 � ��X��

Evaluating both sides by the characteristic functions, we haveÌ � Ñ C ² G �fÍr��� � & a>Ò�Ó � Ñ C ² G +*� -ÔÉ Æ I
Ì ��Õ C ² G

So,
Ì �zÑ C ² G �fÍr���\Ö ��! ÏÎ ÍØ× -

whose inverse Fourier transform yields the pdf of
X - � ° �
 � Ñ C ² G ��X���� X - J%I a J ����  9� �>Ù b ��X��

This expression holds for any positive integer
�

, including
�6���@=zÚ@=�Ê ¦

7. The mean and covariance of a Gaussian random vector
�

are given by, respectively,Û �Ü�ÞÝ ��àß
and á �Ü�ÞÝ � I�I� � ß
Plot the 1 � , 2 � , and 3 � concentration ellipses representing the contours of the density function in

the
��$ � =�$^�3� plane. âäã,° ��å : The radius of an ellipse with major axis a (along

$ � ) and minor axis æ 7�ç
(along

$*�
) is given by è � � ç � æ �ç � å ãé° �Çê : æ ��ëÇì å �Çê

where i e ê eí� ¤ . Compute the 1 � ellipse specified by
çî� £ ï I and æ � £ ï � and then rotate and

translate each point
� C ã ���'& $ CFðSGI $ CFðSG� + using the transformation

� CmñMG �óò q � ñ : Û q .
Answer: ô J%I� � Ý Å Ë  �Ë �Ë Å Ë ß
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So, 
 q ���]�c� �� ¤ � ô ��� I ³ � a J ¶� C q�J�õ B�G º
ö ¼ ¶B C q�J�õ B�G� £ ÚÊ ¤ a J �÷ k C � ¶ J%I G � J C � ¶ J%I G�C � � J � G � C � � J � G � l
Let [^��$ I =�$ � ���'��$ I  9� � �  ��$ I  �� �Ç��$ �  �3�ø:���$ �  �3� �

The linear transform Ý $ I$ � ß � Ýäù ��  ù ��ù �� ù �� ß Ý � I� � ß
is a rotation of

Ê<ú/û
of the original axes. [^��$ I =�$ � ��� � � I� : � ���Ë

So, ç � ��� æ � � �Ú
So, the radius of the ellipse is è � � ç � æ �ç �%ü�ý W � ê : æ �%þÇÿ3üz� ê � �è � �
The concentration ellipse of

� � (
� è

) is thus� � I� : � ���Ë ���
or ��$ I  9� � �  ��$ I  9� �Ç��$ �  �3�ø:���$ �  �3� � ���

When the function
[*��$ I =�$ � � is chosen differently, the figure will be different. But the orientation of

the ellipses are the same.
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