ELEG-636 Homework #1, Spring 2003

1. Show that if 8,(t) = fz(t|x > t), B,(t) = f,(tly > t) and B (t) = kB, (t)
then 1 — Fy(z) = [1 — F,(x)]F)

Answer:

fz(tjx>t)dt = PE<x<t+dt|x>1)
Pt <x <t+dt,x >1)
P(x > t)
f(t)dt
1 — Fy(t)

= fr(tjx >t) =
In the same way
fy(t|y >t) =

Then

Ba(t) = KBy (1)

= 1fmg)((itt) = 1kffé(2:)
= foooo 1fm§+"t d:) dt = C>ooo lk%‘(%))dt
= [ (fF Igt)dt k[ 1dFy(Zt)
= In[l — F, ( )] = kln[l — Fly

= 1— Fy(z) = [1 — Fy(z)]*

)]

2. Express the density f,(y) of the RV y = g(x) in terms of f,(x) if (@) g(z) = |z|; (b) g(z) =

e *U(z).

Answer:

(@)
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(b)

{ 0 y <0
d[Fy (y)—Fy (—
[ (y)dy (=] y>0

{ 0 y <0
dF:(y) dF:(—y)
dyy - dy ‘ Y > 0

Y
0 y<0
d[l_mei; In(y))] y>0

0 y<0
fz(*llln(y)) y >0

3. The RVs x and y are independent with exponential densities
fo(@) = ae”*U(z), f,(y) = Be PU(y)
Find the densities of the following RVs: 2x + y; %

Answer: (1) Letz=w+yand w = 2x

fulw) = 32(5) = Se U w)

Since w and y are independent, we have

f=(2)

fuw(2) * fy(2)
| e =) fulw)du

2 (o]
/ ﬁe_ﬁ(z_w)%e_fwdw
0

of
20—«

(% —e P)U(2)

2
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)
F,(z) = P(z<z)=Px<zy)

_ /_: P(x < zyly = y)fy(y)dy

o [r2y

= [ [ fw)dosdy
00 J—00
0o frzy

= / / ae *®dzBe PVdy
0 0

_ 5/0 (efﬂy —e*(a”ﬂ)y)dy
1 B

az+
_dFy(z) af

4. The RVs x and y are N (0; o) and independent. Show that, if z = |x — y|, then

E{z} = 20//7, E{z*} = 20*.

Answer:
Letz = |w|, and w = x — y. Since x and y are Gaussian, so w is also Gaussian. We can find
fw(w) by finding the mean and variance of w.

Ew| = E[x-—Y]
= E[x] — Ely]
=0

op = E[z%

= E[(x—y)?}

= E[x’]| + E[y?] — 2E[x|Ely]

= 20°

So,
fulw) = ———e 7
Y V2m20?
Thus,

B = [ Jolfuw)d

oo 1 CW?
= 2 w e 12dw
0 V2202
20
VT
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E[2?] is already obtained, which is
E[z?] = 20

5. Use the moment generating function, show that the linear transformation of a Gaussian random vector
is also Gaussian.

Proof:
Let x be an x 1 real random Gaussian vector, then the density function is

1 1 T —1
— 7§(x7mx) Cx ™' (x—my)
f( ) (27r)n/2|cx|1/26
Let s be an x 1 real vector, then the moment generating function of x is

T

G.(s) = E[e® ¥

T 1 L x—my )T Cy ! (x—my
- /es T EmC 2 S
- emsz-}-%sTst
Let A be a linear transform of x
y = Ax
Then
Cy = ACxAT

The moment generating function of y is

Gy(s) = Ele7]
— E[GSTAX]

E[e(ATs)Tx]

Using the moment generating function of x, we have
Gy(S) — emxT(ATs)—k%(ATs)TCx(ATS)

emyTs—l—%sTCys
which has the same form of G (s).
So, y is also Gaussian.
6. Let {xx(n)};_, be four 11D random variables with exponential distribution with o = 1.

k

yr(n) = m(n),1 <k <4
=1

(a) Determine and plot the pdf of y2(n)
(b) Determine and plot the pdf of y3(n)
(c) Determine and plot the pdf of y4(n)
(d) Compare the pdf of y4(n) with that of the Gaussian density.
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Answer: Let

The characteristic function of f,(z) is

Since z1(n), - -, zx(n) are i.i.d.,

Evaluating both sides by the characteristic functions, we have

k
bye(n) (W) = B[] =TT by ()
=1

So,

i@ = (12)

1—jw
whose inverse Fourier transform yields the pdf of y(n)
yk—le—y

fyen) (W) = WU(?J)

This expression holds for any positive integer &, including & = 2,3, 4.
7. The mean and covariance of a Gaussian random vector x are given by, respectively,

[

and

= N

|

Plot the 10, 20, and 3o concentration ellipses representing the contours of the density function in
the (z1,x2) plane. Hints: The radius of an ellipse with major axis a (along z1) and minor axis b < a
(along x2) is given by

9 a’b?
~ a?sin20 + b2cos?0

where 0 < 6 < 27. Compute the 1 o ellipse specified by a = v/A; and b = /)5 and then rotate and
translate each point x() = [z{?2{] using the transformation w(® = Quxt + iy .

Answer:
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So,
Fo®) = e ) T i)
27r|Fm|1/2
IV TP S S )
4
Let

g(z1,m9) = (z1 — 1)* — (z1 — 1) (22 — 2) + (z2 — 2)°

The linear transform

So,

So, the radius of the ellipse is

T2 _ a2b2 _
~ a?sin? 0+ b2 cos?9
r=1
The concentration ellipse of ko (k) is thus
2 2
wy | Wy
3

or
(:L‘l — 1)2 — (.Tl — 1)(.’132 — 2) + (.7)2 — 2)2 = k

When the function g(x1, x2) is chosen differently, the figure will be different. But the orientation of
the ellipses are the same.
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